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Abstract 

Fields of Moduli and Fields of Definition of Curves 

by 

Bonnie Sakura Huggins 
Doctor of Philosophy in Mathematics 

University of California, Berkeley 
Professor Bjorn Poonen, Chair 

The field of moduli Kx of a curve X over a field K is the intersection over all fields 
of definition of X-g, where X-g is the base extension of X to a curve over an algebraic 
closure K of K. It has the property that for all a 6 Aut(K), we have X-^ = a X-g if 
and only if o\k x ls equal to the identity. In this thesis we determine conditions that 
guarantee that a hyperelliptic or plane curve over a field of characteristic not equal to 2 
can be defined over its field of moduli. We also give new examples of curves not definable 
over their fields of moduli. 

In Chapter 1, we define the notion of "field of moduli," we compare our defini- 
tion with definitions given by others, and we show in what ways they are equivalent. 

In Chapter 2, we list all of the finite subgroups of the two and three dimensional 
projective general linear groups. We will use these classifications to prove our main 
results. 
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In Chapter 3, we discuss isomorphisms of plane and hyperelliptic curves. We 
will later use the classification of automorphism groups of hyperelliptic and plane curves 
to determine whether a plane curve or a hyperelliptic curve can be defined over its field 
of moduli. 

In Chapter 4, we give our main result in the case of hyperelliptic curves. We 
show that hyperelliptic curves with certain automorphism groups can always be defined 
over their fields of moduli. 

In Chapter 5, we list examples of hyperelliptic curves not definable over their 
fields of moduli. 

In Chapter 6, we give our main result in the case of plane curves. We show that 
plane curves with certain automorphism groups can always be defined over their fields 
of moduli. 

In Chapter 7, we give new examples of plane curves not definable over their 
fields of moduli. 



Professor Bjorn Poonen 
Dissertation Committee Chair 
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Introduction 



The field of moduli Kx of a curve X over a field K is the intersection over 
all fields of definition of Xj^, where Xj^ is the base extension of X to a curve over 
an algebraic closure K of K. It has the property that for all a £ Aut(K), we have 
Xj( = a Xj£ if and only if ct\k x * s the identity. It is well known that if the genus g 
of a curve X is or 1, then it can be defined over its field of moduli. It also can be 
deduced from Theorem 1 of [36], that a curve with no nontrivial automorphisms can be 
defined over its field of moduli. However, if g > 1 and if the automorphism group of X is 
nontrivial, the curve X may not be definable over its field of moduli. The first examples 
of curves not definable over their fields of moduli were given by Shimura on page 177 
of [31]. These curves are hyperelliptic C-curves with two automorphisms. In this thesis, 
we study the definability of plane and hyperelliptic curves, over fields of characteristic 
not equal to 2, over their fields of moduli. 

In the first chapter, we relate alternate definitions of "fields of moduli" of curves 
to one another, give our own definition of "field of moduli," and show in what sense it 
is equivalent to the others. We also briefly mention the relationship between the field 
of moduli of a curve of genus g and the residue field at the corresponding point on the 



moduli space of curves of genus g. 

The definability of a curve over its field of moduli depends heavily on the 
structure of its group of automorphisms. To understand the automorphism groups and 
isomorphisms of plane and hyperelliptic curves we need to understand the structure of 
the finite subgroups of the 2 and 3-dimensional projective general linear groups. In 
Chapter 2, we list these groups and study some of their properties. In Chapter 3, we 
discuss the automorphism groups and isomorphisms of hyperelliptic and plane curves. 

Recall that a curve of genus 2 is hyperelliptic. In [13] it is shown that a curve 
of genus 2 over a field of characteristic different from 2, can be defined over its field of 
moduli if its automorphism group has more than two elements. By Theorem 22 of [7], 
any curve of genus 2 over a field of characteristic 2, can be defined over its field of 
moduli. In Section 1 of [29], it is conjectured that a hyperelliptic curve over a field of 
characteristic is definable over its field of moduli if its automorphism group has more 
than two elements. 

In Chapter 4, we prove our main theorem for hyperelliptic curves: Let X be 
a hyperelliptic curve over a field of K characteristic not equal to 2 and let i be the 
hyperelliptic involution of X. Then X is definable over its field of moduli of Aut(X)/(t) 
is not cyclic or if Aut(X)/(t) is cyclic of order equal to the characteristic of K . Our 
main result for hyperelliptic curves relies heavily on a result of Debes and Emsalem 
from [12], that states that a curve X can be defined over its field of moduli if if a certain 
if -model of the curve Xj Aut(X) has a if -rational point. 

The authors of [6] have attempted to classify all hyperelliptic curves over C 
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with fields of moduli R relative to C/R but not definable over R. Due to some errors in 
their paper, some curves are missing from their list and many curves on their list are, in 
fact, definable over R. In Chapter 5, we give the complete list of hyperelliptic C-curves, 
up to isomorphism, not definable over their fields of moduli relative to C/R. Every curve 
X in the list has Aut(X)/(t) cyclic of order n for some n > 1. Evidently the results 
of [6], were not known to the author of [29] at the time he made his conjecture. Nor were 
we aware of them as we had independently constructed similar examples, not included 
in the list of [6], before learning of their results. 

In Chapter 6, we prove our main result for plane curves: Let X be a smooth 
plane curve over a field K of characteristic p where p = or p > 2. Let F be an algebraic 
closure of K . Then X is definable over its field of moduli if Aut(X) is not PGL^i 71 )- 
conjugate to a diagonal subgroup of PGL^i 7 ), &is, ©36; or a semi-direct product of a 
diagonal group an a p-group. See Lemma 2.3.7 in Chapter 2, for a detailed description 
of these groups. 

Lastly, in Chapter 7, we give new examples of plane curves not definable over 
their fields of moduli. These curves have diagonal automorphism groups, automorphism 
groups given by (5 is, and automorphism groups given by ($36- 
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Chapter 1 

Fields of moduli 

The notion of fields of moduli for polarized varieties was first introduced by 
Matsusaka in [19] and was later denned by Shimura in [30] for polarized abelian varieties 
and polarized abelian varieties with further structures. Their definitions, for the field of 
moduli of a polarized (abelian) variety V, depend heavily on the construction of certain 
subvarieties of projective space whose closed points consist of Chow points of certain 
projective embeddings of V. Both authors define this notion in the case of characteristic 
zero and of positive characteristic. Koizumi in [17] gives a more general definition of 
field of moduli for geometric objects satisfying certain conditions. He removed artificial 
assumptions previously thought necessary for the proof of the existence of fields of mod- 
uli for polarized varieties in positive characteristic. In the case of polarized varieties, 
Koizumi's definition agrees with the definitions given by Matsusaka and Shimura. 

We will focus our attention on the field of moduli of a curve. We give a definition 
of field of moduli that agrees with the definition given by Koizumi. 
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1.1 Fields of definition 

Definition 1.1.1. Let K be a field. A variety over K (K- variety) is an integral separated 
scheme of finite type over Specif. 

Remark 1.1.2. We will sometimes speak of a variety X without mention of a base field. 
In this case it should be understood that X is a A-variety for some field A. 

Notation 1.1.3. Let K be a field, let X be a K-variety, and let F be an extension field 
of A . Let Xp denote the base extension X Xg pec ^ Spec A. 

Definition 1.1.4. Let A C F C F be fields where F is an algebraic closure of F. Let 
X be an A-variety. Then X is defined over A if and only if there is a A- variety X' such 
that X' F is isomorphic (as an A-variety) to X. We say that A is a /ie/e? o/ definition 
of X. We say that X is definable over A if there is a A- variety X' such that X^ is 
isomorphic to Xp. 

Definition 1.1.5. Let K C L C F be fields and let X be a geometrically integral A'- 
variety. Let Y be a subvariety of Xp. We say that Y is defined over L as a subvariety 
of if there exists an L-subvariety Y 1 of Xl such that = Y as subvarieties of Ajr. 
In this case, we say that L is a field of definition of Y as a subvariety of X^. We will 
write "L is of field of definition of Y C Xp" to indicate that L is a field of definition of 

Y as a subvariety of Xp. 

Lemma 1.1.6. Let K <^ F be fields, let X be a geometrically integral K-variety, and let 

Y be a closed subvariety of Xp. Then there is a unique field of definition LofYC Xp 
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with K C L C i* 1 s-uc/t i/icrf /or any /ieZd 0/ definition L' ofYC Xp with K C L' C i 7 toe 
/iawe L C L'. We ca// L the minimum field of definition of Y as a subvariety of Xp. 

Proof. See Proposition 3.11 in [34]. □ 

Remark 1.1.7. Let F be a field, let X be a projective i 7 - variety, and let X — > F F be an 
embedding. Let ,J?x be the ideal sheaf of X in and let / C F[Xo, . . . ,X n ] be the 
corresponding ideal. Then the minimum field of definition of X C F F is the smallest 
field K contained in F such that / can be generated by elements in K[Xq, . . . , X n ]. 

1.2 The field of moduli of a curve 

Definition 1.2.1. Let K be a field. A curve over K is a smooth, projective, geometri- 
cally integral K- variety of dimension 1. 

Remark 1.2.2. We will sometimes, especially in the case of plane curves, say "smooth 
curve" even though it is redundant. 

Notation 1.2.3. Let X be a curve over a field K . For a G Aut(i^), the curve a X is the 
base extension X K of X by the morphism Specif Spcc<7 > Specif. 

Definition 1.2.4. Let X be a curve over a field K. Let K be an algebraic closure of K. 
The field of moduli Kx of X is the intersection over all fields of definition of X^. 

Let X be a curve over a field K, let K be an algebraic closure of K, and let 
Kx be the field of moduli of X. Many define the field of moduli of a curve X as the 
subfield K H of K fixed by 

H := {a G Aut(K) | X^ * 
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Theorem 1.5.8 in Section 1.5 shows that, in fact, K is a purely inseparable extension 
of Kx- So Kx has the property that if a € Avit(K) then X-g = a Xj^ if and only if 
ct\k x = id. 

Theorem 1.5.8 is due to Koizumi [17]. We will give a proof here based on the 
proof given in [17], but with more details. 

We need to define a few notions and supply some needed results first. 

1.3 Chow forms, Chow points, and Chow fields 

Definition 1.3.1. Let K be a field and let X be a ET-variety. The K-cycles of X are 
the elements of the free Z-module over the irreducible closed i^T-subvarieties of X. The 
components of a cycle v := X/2=i ^[^i] are the X{ with nonzero coefficients. A K- 
cycle is effective if all of its components have positive coefficients. A fT-cycle is called a 
K -divisor of X if all of its components have codimension 1. 

Definition 1.3.2. Let K C F be fields and let X be a geometrically integral K-variety. 
Then we have a morphism of schemes 

Vf/k '■ x f — > X. 
If Y is a if-subvariety of X we define tp F ^ K (Y) by 

Pf/kOO = I>ngth(C> Xj ^)y 
v 

where y runs over the maximal points of Yp and y is the closure of y. By linearity we can 
extend tppig to a map from the K-cycles of X to the -F-cycles of Xp. An F-cycle V(f) on 
Xp is said to be K -rational if there exists a -KT-cycle j/onl such that y^/^C^) = U (F)- 
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Remark 1.3.3. Let K C F be fields, let X be a geometrically integral if-variety, and 
let Y be a closed subvariety of Xp. Then Y is a if-rational cycle of Xp if and only if 
F C Jj? is defined over K. 

Theorem 1.3.4 (Chow). Let K be a field and let X C P^ be a K-variety of dimension 
r. The set of (r + 1) -tuples of hyperplanes inF 1 ^- which have a common intersection with 
X are parameterized by an irreducible hypersurface H C (P^-) r+1 . The hypersurface H 
is given by a multi-homogeneous form f in the set of n + 1 variables corresponding to 
each P^-. The form f is called the Chow form of X and is unique up to multiplication 
by an element of K x . 

Proof. See §1 of [9] for the original proof or Chapter 8 of [23] for a more modern treat- 
ment. □ 

Definition 1.3.5. Let K be a field, let X C P 7 ^ be a K-variety, and let v := 5Zi=i 

be an effective If -cycle on X. The Chow form of v is the product Y[\=i fx* wriere f° r 

each i, fx t is the Chow form of X{. 

Definition 1.3.6. Let K be a field, let X C P^ be a if- variety, let v be an effective 
if -cycle on X, and let / be the Chow form of v. The coefficients of / can be seen as a 
point of projective space called the Chow point of v. 

Lemma 1.3.7. Let K be a field and let v be an effective K-cycle in Pjt. Then the Chow 
point of v uniquely determines v. 

Proof. This follows from Proposition 8.24 on page 67 and Proposition 8.15 on page 64 
of [23]. □ 



6 

Definition 1.3.8. Let F be a field, let X C P n be an F-variety, and let v be an effective 
-F-cycle on X. The Chow field K of v is the field obtained by adjoining to the prime 
field of F the ratios of the nonzero coefficients of the Chow point of v. 

Lemma 1.3.9. Let F be a field, let v be a F-cycle on P^, and let K be the Chow field 
of v. Then v is rational over a finite purely inseparable extension of K. Furthermore, 
v is rational over K if K is perfect or if there exists a geometrically integral K -variety 
X C Wj( such that u is a divisor of Xp C P^,. 

Proof See page 47 of [24]. □ 

1.4 Curves as divisors 

Definition 1.4.1. Let F be a field. A hypersurface Hf C P^ of degree d over F is an 
F- variety given by a homogeneous form of / of degree d. 

Lemma 1.4.2. Let F be an algebraically closed field. Suppose we have 

ICFC P", 

where X is a curve, and V is a smooth projective variety of dimension r > 3, all over 
F. Then for all sufficiently large d, there exists a hypersurface H of degree d in P™ such 
that HOV is a smooth projective variety of dimension r—1 containing X. Furthermore, 
the set of hypersurfaces of degree d with this property forms an open dense subset of the 
projective space parameterizing all hypersurfaces of degree d which contain X . 

Proof Fix d G Z >0 . Let J x be the ideal sheaf of X in P n and let W := r(P™, J? x {d)). 
Let PW be the projective space associated with the vector space W. So we can view 
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PW as the set of hypersurfaces H C P n of degree d which contain X. Any element in 
PW is determined by a nonzero global section / G W. For a closed point u G V, let 

.B,, := {H G PW | v G if fl V and H f] V is not smooth of dimension r — 1 at v .} 

Suppose that if G PW and suppose that H $ B v for all closed points i> G V. Since 
the dimension of V is larger that 2, by Corollary 7.9 on page 244 of [15], H CiV must 
be connected, hence irreducible since H DV is smooth. So H n V must be a smooth 
projective variety of dimension r — 1 containing X. 

For a closed point v G fix f G r(P n , C P n (d)) such that w H fo . Let C^y 
be the local ring of v on V with maximal ideal m„. We define a map of F- vector spaces 

1> v :W->O v y/l(% 

by letting ipv(f) be the image of f / fo in Ot, 5 y/m^. Then v G i?/ D V if and only if the 
image of f/fo is zero in O v y/m v . If if v is a nonregular point of VnHf then ip v (f) = 0. 
Note that if dim(Hf f]V) ^ r — 1 then 1/ C Hf and we must have ip v (f) = since the 
image of f/fo is zero in O v y. So if / is not in the kernel of ip v , then either v is a regular 
point of Hf n V and dim(iJy CiV)=r — lorwG" i/j. So a hypersurface if is in B„ for 
some closed point v G V, if and only if H = Hf for some / G ker 

Let / be the homogeneous ideal corresponding to J^x and let {gi, . . . , g s } be 
a set of generators of degrees d gi , . . . , d gs , respectively. From now on suppose that d is 
strictly greater that d gi for all i. Since v is a closed point and F is algebraically closed, 
m„ is generated by linear forms in the coordinates. 

Suppose that v £ X and suppose that a G O v y/m%- Then a is equal to the 
image of p/q in O v y/m%, for some p,q G r(P n , Opn(l)) with i> G" fig. Since v G" X 



there exists gi G {g\,...,g s } such that v G" H gi . Let m := d — deg(gi) and pick 
h v G r(P n ,C P n(m - 1))) with t> G" if^. Let / p := pgih v G W and let / ? := g^/i,, G W. 
Since ker(^ t) ) is independent of our choice of /o, the image of ip v is also independent of 
our choice of /o- Since w G" H qgi h v , we may assume that /o = qg%h v . Then tp v (f p ) = a. 
So is surjective if v X. 

Now suppose that v £ X. Let O^x be the local ring of v on X with maximal 
ideal n„. Since X C V, there exists a natural surjective map of F- vector spaces 

Pv- O v y/m v — ► £>„ 5 x/n 2 . 

For 1 < i < s, choose /tj G T(F n ,0(d - d 9i )) so that v G" iT/^ and let = ^ G W. 
Then the kernel of p v is generated by the ip v (g' i ). The composition p v ip v is equal to the 
map 

<f> v :W^O v>x /n 2 v 

defined by letting 4> v (f) be equal to the image of ///o in O v> x/^. This is, of course, 
the zero map since X C Hf for all / G W. It follows that the sequence 

is exact. Since both X and V are nonsingular, O^x/n 2 has dimension 2 and O^y/m 2 
has dimension r + 1. We see that if w G X, then the image of ip v has dimension r — 1. 
We have 



diniF ker(^ t 



dim F W - (r + 1), if v V D X 
dun F W-(r-l), ifveVHX. 
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Since B v is the projective space associated with the vector space ker(^) we 

have 

{dim F W -(r + 2), ifvgVDX 
dim F W-r, if v G V n X. 

Let By-x C V x i-W be the subsets of V x i-W consisting of all pairs (v, H) such 

that v G V — X is a closed point and H € B v . Define I?x similarly, using X in place of 
V—X. Then By~x an d -Bx are the sets of closed points of some quasi-projective varieties 
B'y-X an d B'x respectively. The fibres of the projections pv-x '■ B'v-x ~^ (V ~ -^0 anc ^ 
px ■ B' x — > X have dimension diniF W — (r + 2) and diniF W — r respectively. So 

dimSy-x < dim(y - X) + dim F W - (r + 2) = dim F W - 2 

and 

dimi?x < dimX + dimp W — r = diniF W — (r — 1). 

Let 5 := (2?y_x U C V x PW. So P is the set of closed points of a projective 
variety B' . Then the local ring at a point of B' has dimension less than or equal 
to dirnp W — 2. It follows that each irreducible component of B' has dimension less 
than or equal to dirnp W — 2. So dimP' < diniF W — 2. Consider the projection 
p: B' — > PW. Since dimP' < dinip W — 2 we must have dimp(P') < dirnp W — 2. Since 
dim PW = dimp W — 1, p(B') is properly contained in PW. If H € PW — p(B') then 
H satisfies the requirements of the lemma. 

Finally note that since B' is projective, p: B' — ► PW is proper, so since B' is 
closed in V x PW, p(B') is closed in PW. Therefore, PW — p(B') is an open dense 
subset of PW. □ 
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Corollary 1.4.3. Let K be an infinite subfield of an algebraically closed field F . Let X be 
an F -curve, let V be a smooth, projective, geometrically integral K -variety of dimension 
r > 3, and suppose we have 

Then for sufficiently large d, there exists a hypersurface H of degree d in such that 
(H n V)f is a smooth projective variety of dimension r — 1 containing X. Furthermore, 
H fl V is a geometrically integral K-variety. 

Proof. Fix d G Z>o and let PW be as in Lemma 1.4.2. Then by Lemma 1.4.2, for 
sufficiently large d, PW contains an open dense subset U consisting of hypersurfaces H 
of degree d such that H n V is smooth of dimension r — 1. 

Since K is infinite, the .ff -rational points of PW are Zariski dense in PW so 
they cannot all be contained in the complement of U. So U n PW(K) is nonempty. So 
there exists H G PW{K) such that (H DV)f is smooth projective variety of dimension 
r — 1 containing X. 

As shown in the proof of Lemma 1.4.2, (HPiV)f is smooth and connected (and 
therefore integral). Since F is algebraically closed, to prove the last statement we show 
that H n V is smooth and connected. By Proposition 17.7.4(v) on pages 72-73 of [14], 
since (HDV)f is smooth, HDV is smooth. Suppose that H(~)V is not connected. Then 
H f)V = S U T for some nonempty closed and open subschemes S and T. This implies 
that (H fl V)i? = 5f U Tp. Since <Sf and Tp are nonempty closed and open subschemes 
of (i7 n V)f, we get a contradiction. 

□ 
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Corollary 1.4.4. Let F be an algebraically closed field and let X C P^ be a curve 
embedded in projective space. Let K be the Chow field of X. Then K is the minimum 
field of definition of X C P5,. 

Proof. If K is not infinite, then it is perfect and so our statement follows by Lemma 1.3.9. 
Assume that K is infinite. If n = 1 this is trivial. If n = 2 then X is a divisor of P^ so 
this follows by Lemma 1.3.9. Assume that n > 2. Then we may apply Corollary 1.4.3 to 
P^ to obtain a smooth, projective, geometrically integral .fT-variety V n ~ l of dimension 
n — 1 with X C Vp" 1 C P^. We may repeat this procedure, applying Corollary 1.4.3 to 
V 1 to obtain a smooth, projective, geometrically integral K- variety V 1 " 1 of dimension 
i - 1 with X C V F ~ l C F F , until we obtain a smooth, projective, geometrically integral 
K- variety V 2 of dimension 2 with X <Z V F C P^. Then X is a divisor of Vp. So by 
Lemma 1.3.9, the minimum field of definition of X as a subvariety of P^ is K. □ 

1.5 ^l-structures 

Definition 1.5.1. Let X be a curve over an algebraically closed field F. Let d G Z>o 
be such that every divisor on X of degree d is very ample. Then the pair 21 := (X, d) is 
called an A-structure on X. 

Definition 1.5.2. Let X and X' be two curves over an algebraically closed field F. We 
say that two ^.-structures 21 = (X, d) and 21' = (X',d'), on X and X' respectively, are 
isomorphic if and only if X = X' and d = d! . 

Notation 1.5.3. Let X be a curve over a field K and let D be a very ample divisor on 
X. Let B be a basis for T(X, J£{D)), and let fB,D ■ X — > P™ be an embedding given by 
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B. Then, unless otherwise stated, Jbd(X) is to be viewed as a subvariety o/P n and not 
as an abstract curve. We will call any embedding given by a basis for T(X,Jz?(D)) an 
embedding determined by D. 

Proposition 1.5.4. Let X be a variety defined over a field K and let K be an algebraic 
closure of K . Suppose that K is finitely generated over its prime subfield. Let Mx be 
the intersection over all fields L with K C L C K such that X(L) ^ 0. Then Mx = K. 

Proof. See [22]. □ 

Lemma 1.5.5. Let X be a curve over an algebraically closed field F and let 21 = (X, d) be 
an A-structure on X . Let £<& be the set of all non- degenerate embeddings of X determined 
by divisors of degree d on X . Then the set of Chow points of 

{f(X) | / G £%} 

form a set of closed points V%{F) of a geometrically reduced quasi-projective variety V% 
embedded in a projective space P n . Let M% be the minimal field of definition of the 
closure V<& C P n . Then V<& C P n is defined over M<& and Mgi is the intersection of the 
fields of definition of the curves 

{f(X) | / G £ % }. 

Proof. The first statement of the Lemma is proved in Lemma 4 of [19]. See the proof 
of Theorem 2.2 in [17] for a simpler construction of Va or page 104 of [30] for a similar 
construction in the case of an abelian variety. (Note that in the terminology of [17, 19, 30] , 
all varieties by definition are geometrically reduced.) In each construction it is shown 
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that Vsa C P n is defined over all fields of definition for the curves 

{/(X) | / £ £ a }. 

In the proof of Lemma 4 of [19] it is shown that Va C P n is defined over all fields of 
definition for the curves 

{f(X) | / £ 

In Theorem 3 of [19], it is shown that Va C P n is defined over the minimum field of 
definition M a of%CP ffl 

By Corollary 1.4.4, if / £ 8% then the minimum field of definition of /(X) is 
the Chow field of f{X). Let A% C F be the algebraic closure of Ma- Since M<& is 
finitely generated over its prime field, by Proposition 1.5.4, Ma is the intersection of all 
fields L with Ma C L C M^ such that Va(L) / 0. For each L with Ma C L C F, we 
have T^gi(L) 7^ if and only if L is a field of definition of f(X) for some / £ 8%. Since 
Ma S ^\ it follows that the intersection of the fields of definition of the curves 

{/(X) I / £ 8*} 

is equal to Ma • □ 

Remark 1.5.6. Let X and X' be two isomorphic curves over an algebraically closed field 
F and let 21 = (X,d) and 21' = (X',d) be ^.-structures on X and X' respectively. It is 
easy to see, following the notation of Lemma 1.5.5, that V<&(F) = V%>(F) and M<& = M<&*. 

Lemma 1.5.7. Let X be a curve over an algebraically closed field F, Let d\,d% £ -Z>o, 
and suppose that 2li = (X, d±) and %i = (X, d-i) are two A-structures on X. Then, 
following the notation of Lemma 1.5.5, Ma x = Ma 2 - 
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Proof. This is proven on page 52 of [17] □ 

Theorem 1.5.8 (Koizumi). Let X be a curve over a field K, let K be an algebraic 
closure of K , let d £ Z>o, and suppose that 21 = (X-g, d) is an A-structure on Xj^. Then, 
following the notation of Lemma 1.5.5, M% is the field of moduli of X. Furthermore, the 
subfield K H of K fixed by 

H:={a£ Aut(F) | X« a X^} 
is a purely inseparable extension of M<&. 

Proof. Let Kx be the field of moduli of X. It is immediate from Lemma 1.5.5 that 
Kx Q M%. Let L be a field of definition of X-^ and let X' be an L-curve such that 
X^r = X-ft. Choose an effective divisor D on X' of degree d' large enough so that (X-j^, d') 
is an ^.-structure 21' on X-^. Let B be a basis for F(X' ,Jf(D)). Then is defined 

over L, so C L. By Lemma 1.5.7, M^i = M<&. This implies that M% is contained in 
every field of definition of Xj^. Thus Kx = M<&. 

Suppose that a £ Aut(A) and let V<& be as in Lemma 1.5.5. It is clear that 
21°" := ( a X^,d) is an ^.-structure on a X-^ and if X-^ = a Xj^, then V% = and so 
g\m% = Id. 

Conversely, suppose that a £ Aut(A') and o\m % = Id. Then for all P £ 
V%{K) we have P a £ V&(K). Let /: X-^ — > F n be a non-degenerate embedding of X-^ 
determined by a divisor of degree d and let P be the Chow point of f(Xj^). Then the 
Chow point of a f(X w ) C P n is P a . Since P a £ V^(K), by Lemma 1.3.7, a f(X w ) is equal 
to g(X-^) for some embedding g of X, determined by a divisor of X-^- of degree d. So 
Xj? = a X^. It follows that a\ M « = Id if and only if = a X w . 
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Thus K is a purely inseparable extension of Kx- □ 

Corollary 1.5.9. Let X be a curve over a field K and let Kx be its field of moduli. 
Then X is definable over a finite separable extension of Kx- 

Proof. Let K be an algebraic closure of K and choose d € Z>o so that 21 := (Xj^, d) is 
an „4-structure on X-g. Let Vgi be the quasi-projective variety corresponding to 21. Let 
K s x C K be the separable closure of Kx- By Lemma 1.5.10 below, V<%(K X ) ^ 0. So 
there exists a finite separable extension field L of Kx such that Vgt(L) 7^ 0. Then X is 
definable over L. □ 

Since the following lemma is well known, we omit the proof. 

Lemma 1.5.10. Let K be a separably closed field and let X be a geometrically reduced 
K -variety. Then X{K) is Zariski dense in X . 

The proof of the following lemma, although slightly different from the proof of 
Proposition 3.2 in [25], is based on an idea given in the proof of Proposition 3.2 of [25]. 
Let XCFbe fields where F is a purely inseparable extension of K. Let V be a polarized 
abelian variety over F. Proposition 3.2 of [25] states that V is definable over K if K 
contains the field of moduli of V . 

Lemma 1.5.11. Let X be a curve over a field F and suppose that F is a purely insepa- 
rable extension of a field K. Suppose that X is definable over a finite separable extension 
of K. Then X is definable over K. 

Proof. Let L be a finite separable extension of K contained in an algebraic closure F 
of F. Suppose there exists a curve X' over L such that X'-^ = X-p. Then there exists 
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a finite extension field F' of F, containing L such that X'^ 



Xpi over F 1 . Replacing 



F' with a larger field if necessary, we may assume that F' = F\F% where F\ and F2 are 
subfields of F' with Ft n F2 = K, where F'/Fi is Galois, and where F' /F2 is purely 
inseparable. So F\/K is purely inseparable and F2/K is Galois. It follows that F C Ft 
and LCF 2 . Furthermore, we have Gal(F'/Fi) = Gal(F2/F). We have the following 
picture: 



K 

Let Xi := Xp 1 , let X2 := -X"^ 2 , and let Fi(X\) and ^2(^2) be their function 
fields respectively. Let F'(Xpi) be the function field of Xpi. Then 

F'{X FI ) = F 2 {X 2 ) ® F2 F' = FxiXt) ® Fl F' , 

F'(Xjr/)/Fi(Xi) is Galois with 

Gal(F'(X FI )/F 1 (X 1 )) * Gal(F'/Fi), 

and F' (Xpi) / F 2 {X 2 ) is purely inseparable. Let M := F 1 (X 1 )nF 2 (X 2 ). Then F 2 (X 2 )/M 
is Galois, with Galois group isomorphic to Gal(F'(Xp/)/Fi(Xi)), and Fi(X\)/M is 




Fi D F 



F 2 5 £ 




purely inseparable. We have the following picture: 

F'(X F ,) 

Galois / \ p. ms. 



F 2 (X 2 



and we have 



p. ms. \ / Galois 

M 



K 



G&\{F 2 {X 2 )/M) * GaKF'^O/Fi^i)) = Gal(F'/Fi) * Gal{F 2 /K) 



An isomorphism Gal(F'(X F /)/Fi(Ai)) -> Ga\(F 2 /K) is given by 



and an isomorphism G&\{F'(X F >)/ F^Xx)) -> Gal(F 2 (X 2 )/M) is given by 



(7 I — ► (T 



Since 



we have 



v\f 2 = (v\f 2 (x 2 ))\f 2 , 



Gal(F 2 (X 2 )/M)| F2 = Gsl(F'(X F/ )/F 1 (X 1 ))\ F2 = Gal(F 2 /A). 



Since Gal(F 2 (X 2 )/M) C Aut(F 2 (X 2 )/K), the sequence 



1 Aut( J F 2 (X 2 )/ J F 2 ) Aut(F 2 (A 2 )/iO Gal(F 2 /K) 1 



is split exact. So by Theorem 1.6.3, A is definable over K. 
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Corollary 1.5.12. Let X be a curve over a field F . Suppose that F is a purely insepa- 
rable extension of a field K that contains the field of moduli of X. Then X is definable 
over K . 

Proof. Let Kx be the field of moduli of X. By Corollary 1.5.9, X is definable over a 
finite separable extension L of Kx- So X is definable over the compositum LK which is 
a finite separable extension of K. Then by Lemma 1.5.11, X is definable over K. □ 

1.6 Fields of moduli relative to Galois extensions 

We introduce another definition of "field of moduli" that is commonly used and 
is defined relative to a given Galois extension. 

Definition 1.6.1. Let X be a curve over a field F and let K be a subfield of F such 
that F/K is Galois. The field of moduli of X relative to the extension F/K is defined 
as the fixed field F H of 

H := {a £ G&\{F/K) \ X ^ a X over F}. 

Proposition 1.6.2. Let X be a curve over a field F, let K be a subfield of F such that 
F/K is Galois, let 

H :={a G G&\(F/K) \ X ^ a X over F}, 

and let K m be the field of moduli of X relative to F/K . Then the subgroup H is a closed 
subgroup ofGal(F/K) for the Krull topology. That is, 

H = Gal(F/K m ). 
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The field of K m is contained in each field of definition between K and F (in particular, 
K m is a finite extension of K). Hence if the field of moduli is a field of definition, it 
is the smallest field of definition between F and K . Finally, the field of moduli of X 
relative to the extension F/K m is K m . 

Proof. See Proposition 2.1 in [12]. □ 

Let X be a curve over a field F and let K be a subfield of F such that F/K 
is Galois. The following theorem gives necessary and sufficient conditions for L to be a 
field of definition for X. 

Theorem 1.6.3 (Weil). Let X be a curve over a field F and let K be a subfield of F 
such that F/K is Galois. Let T = Gal(F/K) and suppose for all a £ T there exists an 
F -isomorphism f a : X — > a X such that 

frU = far, for all (T,T G T. 

Then there exist a K-curve X' and an isomorphism 

/: X^X' F 

defined over F such that 

fa = (f~ 1 Tf, for aiio-er. 

Proof. See the proof of Theorem 1 of [36] . □ 

Remark 1.6.4. Let X be a curve over a field F and let K be a subfield of F such that 
F/K is Galois, and F(X) be the function field of X. If K is the field of moduli of X 
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relative to F/K we get an exact sequence 

1 -► kut{F(X)/F) -» Kut{F(X)/K) -> Gal(F/if) -» 1. 

The conditions of Theorem 1.6.3 are satisfied precisely when this sequence is split exact. 
That is, when there exists a subgroup H C Aut(F(X)/K) isomorphic to Gal(-F/i^) such 
that H\ F = Gal(F/K). 

The following four results of Debes, Emsalem , and Douai will be of use to us. 
They rely on the notions of a cover and the field of moduli of a cover, for which we refer 
the reader to §2.4 in [11]. 

Theorem 1.6.5. Let F/K be a Galois extension and X be a curve of genus larger than 
1 defined over F with K as field of moduli. Then there exists a K-model B of the curve 
X/ Aut(X) such that the cover X — ► Bp with K-base B is of field of moduli K. 

Proof. See Theorem 3.1 in [12]. The authors make the additional assumption that the 
characteristic of K does not divide | Aut(X)| but do not use it in their proof. □ 

Corollary 1.6.6. Suppose that K is a finite field and that F is algebraically closed. 
Then X can be defined over K . 

Proof. It suffices to show that the cover X — > Bp with K-base B can be defined over 
K, since a field of definition of the cover is automatically a field of definition of X. By 
Theorem 1.6.5, the field of moduli of the cover X — > Bp with i^-base B is K. If K is a 
finite field then Gal{F/K) is a projective profinite group. In this case, by Corollary 3.3 
of [11] the cover X — > Bp can be defined over K. □ 
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Corollary 1.6.7. Suppose that F is algebraically closed and that X is a hyperelliptic 
curve. If B has a K -rational point, then K is a field of definition of X. 

Proof. It suffices to show that the cover X — > Bp with K-base B can be defined over 
K, since a field of definition of the cover is automatically a field of definition of X. By 
Theorem 1.6.5, the field of moduli of the cover X — > Bp with .fT-base B is K. By 
Corollary 1.6.6, we may assume that K is infinite. Since B =k IP^, B has a rational 
point off the branch point set of X — > Bf- Then by Corollary 3.4 and § 2.9 of [11], the 
cover can be defined over K. □ 

Corollary 1.6.8. Suppose that F is algebraically closed and that | Aut(X)| is prime to 
the characteristic of F . If B has a K -rational point, then K is afield of definition of X. 

Proof. This is Corollary 4.3(c) of [12]. □ 

The curve B of Theorem 1.6.5 and Corollary 1.6.7 is called the canonical model 
of Xj Aut(X) over the field of moduli of X. 

Let X be a curve over a field K and let Kx be the field of moduli of X. We 
now show the relationship between Kx and the fields of moduli of X relative to Galois 
extensions of K. 

Theorem 1.6.9. Let X be a curve over a field K and let Kx be the field of moduli 
of X . Then X is definable over Kx if and only if given any algebraically closed field 
F 5 K, and any subfield L C F with F/L Galois, Xp can be defined over its field of 
moduli relative to the extension F/L. 
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Proof. Suppose that given any algebraically closed field F ^ K, and any subfield LCF 
with F/L Galois, Xp can be defined over its field of moduli relative to the extension 
F/L. By Corollary 1.5.9, X is definable over a finite separable extension field M of Kx- 
Let M be an algebraic closure of M. Without loss of generality we may assume that X 
is a curve over M. Then there exists a field K m with Kx C K m C M such that M (K m 
is separable and K m /Kx is purely inseparable. Then the field K m is the field of moduli 
of Xjf relative to the extension M/K m . By assumption, Xjj is definable over K m . So 
by Lemma 1.5.11, X-jj is definable over Kx- Thus X is definable over Kx- 

The other direction follows immediately from the definition of Kx- □ 

1.7 Moduli spaces 

Let X be a curve of genus g (> 2) over a field if, let Kx be its field of moduli, 
and let A4 g be the coarse moduli space of curves of genus g viewed as a scheme over 
the prime field of K. The curve X gives a morphism Specif — > M g whose image x is 
a closed point of M g - Let K(x) be the residue field at x. In this section we show the 
relationship between K(x) and Kx- 

Theorem 1.7.1 (Baily, 1962). Following the above notation, suppose the characteristic 
of K is 0. Then K(x) = K X - 

(cf. Baily [1]) 

Theorem 1.7.2 (Sekiguchi, 1985). Following the above notation, Kx is a purely 
inseparable extension of K{x) . 
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(cf.Sekiguchi [26]) 

Theorem 1.7.3 (Sekiguchi, 1985, 1988). There exist both hyperelliptic and non- 
hyperelliptic curves whose fields of moduli are nontrivial purely inseparable extensions of 
the residue fields of the corresponding points on their moduli spaces. 

(cf.Sekiguchi [26, 27]) 
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Chapter 2 

Finite subgroups of projective 
general linear groups 

2.1 Notation and terminology 

Let F be a field. Throughout this thesis GL n (i ? ) denotes the group of non- 
singular n x n matrices over the field F and SL n (i ? ) denotes the subgroup of GL n (F) 
consisting of elements of determinant 1. 

Let p be a prime number and let ¥ q be a finite field with q := p r elements, where 
r > 0. Throughout this thesis, let GU n (F g ) be the subgroup of GL n (F 9 2) consisting of 
matrices M such that M~ l is the transpose of the matrix obtained from M via the 
automorphism c (->• c q of F 9 2 and let SU n (F 9 ) := GU n (F g ) n SL n (F ? 2). 

For any group C GL n (F), P0 denotes <5/Z((5) where Z(<5) is the center of 
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We will use a matrix with round brackets to denote an element of GL n (F) and 
a matrix with square brackets to denote the image in PGL n (i ? ) of an element of GL n (F). 
For example, 

/ \ 

an • • • ai, 



denotes a matrix in GL n (F) and 



an • • • O-ln 



denotes its image in PGL n (i ? ). 



2.2 Finite subgroups of the 2-dimensional projective gen- 



eral linear groups 



Throughout this section let F be an algebraically closed field of characteristic 
p with p = or p > 2. 

Lemma 2.2.1. Any finite subgroup & o/PGL^i 71 ) is conjugate to one of the following 
groups: 



Case I: when p = or is relatively prime to p. 



(a) <3 



C o 

1 



: r = 0, 1,... ,n - 1 } 9* C n , n > 1 
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(b) ®D 2n :-- 



(c) ® Ai 



C r 

1 

±1 

1 



c 

1 

±1 

1 



: r = 0,1,...,™-! ) =£>2n, n > 1 









-1 -i u 


J 






: v = 1,6 


>=*A 4 


1 -i u 







1 -1 



1 1 



1 i" 
1 -i 



(d) ®5 4 := { 



i v 




i v 




V -i u+u 


1 




1 




1 V' 



: v,v' = 0,1,2,3 > = 5 4 







e r 




e r 




e r c; e r " s 






re; := < 






J 
















1 




-1 




1 -e~ s w 




1 -e~ S UJ 


r,s = 0,1,2,3,4} 










where uj := " 1 + v ^ ; 




1 (> is a primitive n th 


root o/ unity, 



5 th root of unity, and i is a primitive 4 th root of unity. 
Case II: when |C5| is divisible by p. 







I3 k a 












1 



: a £ A, k € 7j^, where A is a finite additive subgroup of 

F containing 1 and (3 is a root of unity such that (5 A = A 

(g) PSL 2 (F g ) 

(h) PGL 2 (F g ) 

where F q is the finite field with q : = p r elements, where r > 0. 
Proof See §§71-74 in [35] and Chapter 3 in [32]. □ 
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Remark 2.2.2. It can be directly verified that &a 4 and &s 4 are subgroups of PGL 2 (F) 
when the characteristic of F is 3. Indeed, in this case &a 4 is PGL 2 (.F) conjugate to 
PSL 2 (F 3 ) and ©<j 4 is PGL 2 (F) conjugate to PGL 2 (F 3 ). So the result of Lemma 2.2.3(b) 
is still valid in characteristic 3. 

Lemma 2.2.3. Let N(<8) be the normalizer of (3 in PGL 2 (F). Then 





/ 










(a) N(<5 Cn ) = < 


V 


a 
1 


3 


a 

1 


: a E F x j 



(b) N(® D4 ) = <&s 4 , N(& D2n ) = ® D4n ifn>2, 

(c) N(<8 Ai ) = <5 S4 , 

(d) N(<5 Si ) = <5 S4 , 

(e) N(<5 A5 ) = (5 A5 , 

(g) N(PSL 2 (¥ q )) = PGL 2 (¥ q ), and 

(h) iV(PGL 2 (F g )) = PGL 2 (F g ). 
Proof. 

(a) See §71 in [35]. 

(b) Since &d 4 is a normal subgroup of ©5 4 , &s 4 C N(&d 4 )- Conjugation of &d 4 by 
&S 4 gives a homomorphism <&s 4 ~~ > Aut(L>4) = S3. A computation shows that 
the centralizer Z of &d 4 in PGL 2 (i ? ) is &d 4 - The kernel of this homomorphism 
is 2flSs 4 = Z. Since &s 4 /Z = S3, every automorphism of (3d 4 is given by 
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conjugation by an element of &s 4 - Let U £ N(&d 4 ). Then UV £ Z = &d 4 for 
some V € <5 Si , so U £ &s 4 - 

For n > 2, see §71 in [35]. 

(c) Since (25d 4 is a characteristic subgroup of <5a 4 , N(<5a 4 ) Q N(&d 4 )= ®5 4 - As <5a 4 
is normal in <3s 4 , we get N((5a 4 ) = ®s 4 - 

(d) Since &a 4 is a characteristic subgroup of ©s 4 , N(&s 4 ) Q N(&a 4 )= ®s 4 - Thus 
N(<5 S4 ) = ©5 4 - 

(e) Conjugation of &a 5 by iV^y^) gives a homomorphism N(&a 5 ) — > Autfyls). The 
kernel of this homomorphism is the centralizer of &a 5 in N(&As)i which is just 
the centralizer Z of &a 5 in PGL2(-F). A computation shows that Z is just the 
identity. Since Aut(^4s) is finite, N((3a s ) is a finite subgroup of PGL2(-F). Since 
®A 5 Q N(®a s ), by Lemma 2.2.1 we must have N(®a 5 ) = ®A 5 - 

(g) We first show that A(PSL 2 (F 9 )) is finite. Conjugation of PSL 2 (F,) by iV(PSL 2 (F,)) 
gives a homomorphism A(PSL2(Fq)) — ► Aut(PSL2(F g )). The kernel of this homo- 
morphism is the centralizer Z of PSL2(F g ) in PGL2(i ? ). A computation shows 
that Z is just the identity. Since Aut(PSL 2 (F 9 )) is finite, so is N(PSL 2 (¥ q )). 
By Lemma 2.2.1 any finite subgroup of PGL2(-F) containing PSL2(F g ) must be 
isomorphic to either PGL2(F g ') or PSL2(F g /) for some q' . Since SL2(F g ) is nor- 
mal in GL 2 (F f/ ), PSL 2 (F g ) is a normal subgroup of PGL 2 (F g ). So PGL 2 (F 9 ) C 
A(PSL 2 (F 9 )), in particular PSL 2 (F,) is strictly contained in iV(PSL 2 (F,)). By 
the corollary on page 80 of [32], PSL^F^/) is simple for q' > 3. It follows that 



29 

Af(PSL 2 (Fg)) / PSL 2 (Fg) for q > 3. By Theorem 9.9 on page 78 of [32], the 
only nontrivial normal subgroup of PGL^Fg') is PSL 2 (F,j/) if q' > 3. Therefore 
iV(PSL 2 (F,)) = PGL 2 (F,). 

(h) Clear from the proof of the previous case. 

□ 

Lemma 2.2.4. Let (55 be one of the subgroups listed in Lemma 2.2.1 and let &' C 
PGL 2 (i ? ) be a finite subgroup which properly contains ©. 

(a) IfG = U5d 4 , then & = <Sa 4 , <8' = <3<? 4 , & = ®A 5 , & = D An for some n > 1, 
& ^ PSL 2 (F 9 ) with q>3, or & ^ PGL 2 (F g ) for some finite field ¥ q . 

(b) If® = ®D 6 , then & 9* S 4 , & A 5 , & = ® Df . n for some n>l,&^ PSL 2 (F g ), 
or & = PGL 2 (F,j) for some finite field ¥ q where S\q — 1. 

(c) If (5 = <5 Ds , then & G {0 S4 , ®D 4n : n > 1}, <&' PSL 2 (F 9 ), or & PGL 2 (F g ) 
for some finite field ¥ q where 4\q — 1. 

(d) If & = <3 Dl0 , then & 9* A 5 , & = & Dl0n for some n > 1, & = PSL 2 (F g ), or 
& = PGL 2 (F 9 ) for some finite field ¥ q where 5\q— 1. 

(e) If (J5 = &D2n with n > 5, then & = &D 2n , f or some n' > n with n\n' , &' = 
PSL 2 (F g ), or 0' ^ PGL 2 (F g ) for some finite field ¥ q where n\q - 1. 

(f) If (5 = 0a 4 , then &' = (S 54 , &' = A 5 , &' = PSL 2 (F g ), or ©' 9* PGL 2 (F g ) for some 
finite field ¥ q . 

Proof. 
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(a) By Lemma 2.2.1, <3' must be isomorphic to A4, S4, A5, D$ n for some n > 1, 
PSL2(F,j), or PGL2(F g ) for some finite field ¥ q . Suppose that &' is isomorphic to 
A±. (Note that PSL2(F3) = A4.) The group A^ has a unique subgroup isomorphic 
to D A . So 0' C N(® Da ). Lemma 2.2.3, N(0 D4 ) = 0<? 4 . Since 0yi 4 is the unique 
subgroup of ©5 4 isomorphic to A4, the result follows. 

(b) Since L> 6 is not a subgroup of A 4 , by Lemma 2.2.1, 0' = 5 4 , 6' = A 5 , 0' ^ 0£> 6n 
for some n > 1, 0' ^ PSL 2 (F 9 ), or 0' ^ PGL 2 (F,) for some finite field ¥ q . In the 
last two cases note that PSL2(F g ) and PGL2(F g ) have a diagonal element of order 
3 if and only if 3\q — 1. 

If 0' = Dg n for some n > 1, then 0' has an element of order 3n that commutes 
with the elements of order 3 in 0_d 6 - A computation shows that & = 0.D 6n - 

(c) Since D$ is not a subgroup of A4, A$, or a cyclic group, by Lemma 2.2.1, ©' = £4, 
0' D 8n for some n > 1, 0' PSL 2 (F g ), or & ^ PGL 2 (F g ) for some finite 
field F q . In the last two cases note that PSL2(F g ) and PGL2(F g ) have a diagonal 
element of order 4 only if 4|q — 1. 

Suppose that 0' = 54. It can be shown that S4 has 3 subgroups isomorphic to 
and that each one contains a subgroup isomorphic to -D4 which is normal in 54. 
So 0' C iV(0D 4 ). By Lemma 2.2.3, N(<S Di ) = <5 Si - So 0' = S4 . 

If 0' = Dsn for some n > 1, then 0' has an element of order 4n that commutes 
with the elements of order 4 in 0£> g • A computation shows that 0' = o 8n ■ 

(d) By Lemma 2.2.1, 0' 9* A 5 , 0' DlOii for some n > 1, 0' ^ PSL 2 (F g ), or 
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<3' = PGL2(F ? ) for some finite field ¥ q . In the last two cases note that PSL2(Fg) 
and PGL2(F 9 ) have a diagonal element of order 5 if and only if 5\q — 1. 

If ($' = D\Q n for some n > 1, then (5' has an element of order 5n that commutes 
with the elements of order 5 in £> 10 . A computation shows that (25' = C5 o 10n . 

(e) By Lemma 2.2.1, & ^ <5 D2n , for some n' > n with n\n' , & ^ PSL 2 (F 9 ), or 
<3' = PGL2(F g ) for some finite field ¥ q . In the last two cases note that PSL^Fg) 
and PGL2(Fq) have an diagonal element of order n only if n\q — 1. 

If & = &d 2 , f° r some n' > n with n\n' , then <&' has an element of order n' 
that commutes with the elements of order n in (3 £> 2 „ • A computation shows that 

(f) By Lemma 2.2.1, &' S 4 , & = A 5 , & PSL 2 (F g ), or & 9* PGL 2 (F g ) for some 
finite field ¥ q . 

Suppose that &' = S4. Since 54 has a unique subgroup isomorphic to A4 we have 
& C iV(0 A4 ). By Lemma 2.2.3, N(<S Ai ) = <5 Si . So & = <8 Si . 

□ 

2.3 Finite subgroups of the 3-dimensional projective gen- 
eral linear groups 



Throughout this section let F be an algebraically closed field of characteristic 
p with p = or p > 2. Before we begin classifying the finite subgroups of PGL3(F) we 
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need to prove a few lemmas. 

Lemma 2.3.1. Let K be a field of characteristic p > 0. Let © be a finite subgroup of 
PGL n (A'). Then © is isomorphic to a finite subgroup o/PGL n (F g ) (and PSL n (F g )J for 
some finite field ¥ q of order q = p r for some r > 0. 

Proof. Since © is finite, © C PGL n (j4) for some finitely generated F p -algebra A where 
F p is a finite field of with p elements. Let V = Spec(^4). Then V gives an affine variety 
over F p . Let ¥ p be an algebraic closure of F p and let P £ V(F P ). Let M G & and write 

fll ■ ■ ■ fin 

M:= , 

fnl ■ ■ ■ fnn 

where fij S A for all i, j and where the fij(P) are not identically zero for all P £ V(¥ p ). 
Let M(P) denote the element 

fn(P) ••• fm(P) 

fnl(P) ••• /n„(P) 

The map tpp : — ► PGL n (F p ) given byMn M(P) is a homomorphism and is injective 
if and only if M{P) / Id for all M £ © - {Id}. We show that there exists P £ V"(F^) 
such that tpp gives an isomorphism of (5 onto a finite subgroup of PGL„(F g ) for some 
finite field ¥ q . 

Note that if M £ © — {Id} is the image of a diagonal matrix then M is not in 
the kernel of ipp for any P since it is the image of a matrix in GL n (F p ). 



£PGL n (F p ). 
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Let 



S) := {Me (5 : M is not the image of a diagonal matrix}. 



For each M G S) fix a lift 



/ 



/n 



fin 



\ 



M' := 



G GL n (A), 




fnn j 



where the fij(P) are not identically zero for all P £ V(¥ p ). For each M' , choose fij 7^ 
with i / j, let f( M > := f^, and let / = n^/eft f^ M >. Then since / 7^ 0, there must exist 
Q 6 ^(Fp) such that /(Q) 7^ 0- It follows that the map iJ)q gives an isomorphism from 
<£> onto a finite subgroup of PGL ra (Fq) for some finite field ¥ q . (Note that PGL n (F p ) = 



over L. Recall that a left L[G]-module corresponds to a representation of G over L and 
that a simple L[G]-module corresponds to an irreducible representation of G over L. Let 
Sl be the set of isomorphism classes of simple L[G] -modules. 

Lemma 2.3.2. Let & be a finite irreducible subgroup of GL n (F) of order r. Let E C F 
be the field obtained by adjoining the r th roots of unity to the prime field of F. Then & 
is GL n (F) conjugate to a finite subgroup ofGL n (E). 

Proof. It is shown in [5] that an irreducible representation of a finite group G of order r 
can be written in the field of the r th roots of unity. Since any finite irreducible subgroup of 
GL n (F) is the image of an irreducible representation G — ► GL n (i ? ), our result follows. □ 



PSL n (F p ).) 



□ 



Given a finite group G of order r and a field L, let L[G] be the algebra of G 
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The next two corollaries follow easily from Lemma 2.3.3. 

Corollary 2.3.3. Let (55 be a finite irreducible subgroup o/PGL n (F) = PSL n (F). Then 
(25 is PGL n (i ? )- conjugate to a finite subgroup of PGL n (£') and PSL n (E) where E C F 
is a finite extension of the prime subfield of F. 

Proof. This is clear by Lemma 2.3.2. □ 

Corollary 2.3.4. Let (25 be a finite subgroup of PGL n (i ? ) of order g. Let p be the 

characteristic of F. Suppose that p is zero orp\g. Then (25 is PGL n (F) -conjugate to a 
finite subgroup of PGL n (E) where E C F is a finite extension of the prime subfield of 
F. 

Proof. If p \ r, then by Theorem 1.2 of [18], the group algebra F[G] is semisimple. So 
every i^GJ-module is a direct sum of irreducible modules. Our result follows easily. □ 

Lemma 2.3.5. Let p be a prime. Let G be a finite group of order r. Let K be a 
field of characteristic 0. Assume further that K is complete with respect to a discrete 
valuation u with valuation ring A, maximal ideal m, and residue field k := A/m of 
characteristic p > 0. Any representation G — ► GL n (i^) is isomorphic to a representation 
G — ► GL n (^4) C GL n {K). Furthermore ifp\ r then the operation of reduction (mod m) 
defines a bijection from Sk onto Sk- 

Proof. This follows from Proposition 43 and the remark on page 128 of [28]. □ 

Corollary 2.3.6. Two finite subgroups (55 1, (£>2 Q GL n (fc) of order prime top are conju- 
gate if and only if there exists two GL„(i^) conjugate subgroups (55^, <3' 2 Q GL n (^4) with 
(55^ — ► (55j under the reduction (mod m) map. 
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Proof. This is clear by Lemma 2.3.5. 



□ 



An element of PGL^i 7 ) which is of the form 



a b 



c d 



1 



is called intransitive. A subgroup of PGL^(F) consisting entirely of intransitive elements 
is also called intransitive. If a subgroup 3 is intransitive then it is isomorphic to a 
subgroup of GL2(-F), and there is a natural map from 3 onto a subgroup 3 C PGL^i 7 ). 

Lemma 2.3.7. Any finite subgroup of PGh^(F) is conjugate to one of the following 
groups: 

Case I: when p = or \&\ is relatively prime to p. 

(a) an intransitive group 3 whose image 3 in PGL2(-F) is equal to one of the 
groups in Lemma 2.2.1 Case I, 

(b) a group generated by 



1 



T : = 



1 



1 



and f), where Sj is a finite group generated by the image in PGh^(F) of diag- 



onal matrices. Such a group will be called a group of type £. Let 



1 



S : 



u; 



u? 
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where a; 3 = 1. The group of order 9 generated by S and T will be called ©9. 

(c) a group generated by 

1 
R-= 1 
1 

and a group of type (£. Such a group will be called a group of type D . Following 
the notation of (b), the group of order 18 generated by S, T, and R will be 
called ©ig. 

(d) the group ©36 of order 36 generated by ©i§ and 

1 1 1 

■= 1 w co 2 



1 UJ 2 UJ 



where lo is a primitive cube root of unity. 

(e) the group © 72 of order 72 generated by ©36 and UVU -1 , where 

1 
U := 1 
uj 

where lo is a primitive cube root of unity. 

(f) the group ©216 of order 216 generated by ©72 and U of (e), 

(g) the group ©60 of order 60 generated by 





1 










1 










1 


1 


1 


Ei : = 





c [ 





,E 2 : — 








1 


, and Es := 


2 


e 2 + e~ 2 


e + e" 1 










f 







1 







2 


e + e- 1 


e 2 + e" 2 
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and where e is a primitive 5 th root of unity, 
(h) the group © 3 6o of order 360 generated by Ei,E2,E% of (g) and 

Ai 



Ea :-- 



1 Ai 
2A 2 e 2 + e 



" 2 e + e" 1 



2A 2 e + e- 1 e 2 + e 



w/iere Ai = ^(-1 + V~15) and A 2 = |(-1 - \/-15). 
(%) £/ie group ®i68 0/ order 168 generated by 





P 













1 







a 


b 


c 


Fi : = 










,*2 := 








1 


, and F3 : = 


b 


c 


a 










/3 4 




1 










c 


a 


b 



where (3 is a primitive 7 th root of unity, a = f3 4 — P 3 , b = /3 2 — /3 5 , and 
c = /3-/3 6 . 

Case II: when |(5| is divisible by p. 

(j) PSL 3 (F g ) 
(k) PGL 3 (F 9 ) 
(I) PSU 3 (F 9 ) 
(m) PGU 3 (F g ) 

(n) <3psL 2 (g) which is defined as the image o/PSL2(F g ) under the injective map 

ab b 2 



a b 
c d 



a 

2ac ad + be 2bd 
c 2 cd d 2 
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(SpGL 2 (g) which is defined as the image o/PGL2(F g ) under the map from (n). 
<5 A6 := {T,V,B), © A7 := (T,V,B,W), or the group N(<5 Ae ) := (T,V,B,U) 
containing <5a 6 with index 2, and with 



and 



T 



V :-- 



-10 
0-10 
1 

1 
1 
1 



B 



-a — 1 —a + 1 



-a + l 



2a + 2 



-a — 1 3a + 2 



W 



10 

J 2 
uj 



U :-- 



10 

a a 



a —a 

where a 2 = 2 and u = 3a + 2. In all cases char(F) = 5. The group 0a 6 * s 
independent of our choice of a. That is, the generators obtained by replacing 
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a with —a also generate &a 6 - 

(q) (S 60 of (g), (J5i68 of (i), a group of type £ from (b), or a group of type D 
from (c). In all cases char(F) = 3. For convenience, in characteristic 3, we 
will refer to ©60 as ®60> ^168 as ®i68? a 9 rou P °f tDP e £ as a group of type 
£ 3 , and a group of type D as a group of type £> 3 . 

(r) a semidirect product * 3 where, for i G {1,2} ; is an elementary 

abelian p-group consisting entirely of elements of the form 



1 
1 

a (3 1 



(A, 



or 

1 a 
1/3 
1 

and where 3 is an intransitive group whose image 3 C PGI^i 7 ) is one 
of the groups listed in Lemma 2.2.1 that is not equal to a group given in 
Lemma 2.2.1(a) or (f). If the order of 3 is prime to p then is nontrivial. 

(s) A semidirect product x D where *p is a nontrivial p-group consisting entirely 
of elements of the form 

10 
a 1 

P 7 1 

and where D is a finite diagonal subgroup ofPGL^(F) 
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where ¥ q is the finite field with q := p r elements, with r > 0. 



Proof. 



Case I: The finite subgroups of PGL^F), where p = 0, are classified in Chapter VII 
of [20]. Using Corollary 2.3.6, we obtain a classification for the finite subgroups of 
PGL3(i ? ) in any characteristic where p\ |®|. 

(a) See pages 206-207 and page 236 of [20]. 

(b) See Lemma 108 on page 230 and page 236 of [20] . 

(c) By §112 on page 236 of [20], any group not conjugate to any of the other 
groups in this Lemma is conjugate to a group & generated by a group of type 
£, and an element Q of the form 



1 











a 







b 



We need to show that ©' is PGL3(F) conjugate to a group generated by a 



group of type £ and R. Observe that 



Z := (QTQ~ 1 T)(QT 2 Q~ 1 T 2 ) G 0' . 



A computation shows that 



1 







Z = 



a 



3 







6 3 
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Then 











Z~ X Q 3 







b/a 







a/b 



Let 



1 







Y 







6 







a 



A computation shows that YTY" 1 = Q 2 TQ~ 1 TQ~ 1 T. So YTY' 1 is in 
Since (YTY -1 )? 1-1 is the image of a diagonal matrix we must have 
YTY- 1 = DT for some Deft. Observe that YRY' 1 = Z^Q 3 . Note that 
Z~ l Q 2 £ f). Since f) is generated by the images of diagonal matrices and 



&' = (Sj,T,Q) = (S),DT, (Z^Q 2 )Q) = (S), YTY~ l ,Y RY~ l ) . 

It follows that = Y~ X &Y is of the desired form, 
(d) and (e) See pages 236-239 of [20]. 

(f) See pages 236-239 of [20] and page 217 of [21]. 

(g) See pages 250-252 of [20] and page 224 of [21]. 

(h) See pages 250-252 of [20] and page 225 of [21]. 

(i) See pages 250-251 of [20] and §131 of [35]. 

Case II: The subgroups of PSL3(F„), for a finite field ¥ q , are classified in [3]. By 
Lemma 2.3.1, any finite subgroup of PGL3(i ? ) is isomorphic to a subgroup of 



since diagonal matrices commute we have Y 



S)Y = $). So we have 
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PSL3(F g ) for some finite field ¥ q . By Corollary 2.3.3, any finite irreducible sub- 
group of PGL3(F) is PGL3(F)-conjugate to a subgroup of PSL^Fg). Note that 
the groups listed in (j)-(q) are all irreducible. 

(j) See part (1) of Theorem 1.1 of [3]. 
(k) See part (3) of Theorem 1.1 and Lemma 6.1 of [3]. 
(1) See part (2) of Theorem 1.1 of [3]. 
(m) See part (4) of Theorem 1.1 and Lemma 6.2 of [3]. 

(n) and (o) See part (5) of Theorem 1.1 and Lemma 6.3 of [3]. Note that the map 
given in Lemma 6.3 of [3] is defined incorrectly. The map we give comes from 
the symmetric square representation of Chapter 1 §6 of [28]. 

(p) Suppose that the characteristic of F is 5. Let & A( . := W®a 6 W^ 1 = {V , S', V), 
where T := WTW~ l , V := WVW~\ and B' := WBW~ l . We have T' = T, 



V := 



and 



B' :-- 



1 

u 

uP' 

2 4 1 

1 4 2 



4 2 4 

By Lemma 6.6 of [3], any subgroup of PSL3(i ? ) isomorphic to Aq is conjugate 



to & A . 
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If M € PGL 3 (F 25 ) C PGL 3 (F), let M a be the element of PGL 3 (F 25 ) obtained 
by applying the map a \—> a 5 to the entries of M. We need to show that 

®M= Re- 
write 



Sole Let 



X := (V'T 



/rp/\2 



1 
0-10 
0-1 



R 



1 
1 



10 

Then RT'R- 1 = TX, RXR^ 1 = X, RV'R^ 1 = (V') a , and RB'R^ 1 
(B')- 1 . It follows that {&' M Y = R&^R- 1 . Note that 



So 



W(W~ L ) a R = V € 0V 



(W(W- 1 ) a R)<3 , .(W(W- 1 )' T R)- 1 = ®' Ar 



(w~ l y (r&^R'^w 7 = w- l <s' A( .w 



(w^&'^wy = w- l ®' A( .w 
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By Lemma 6.6 of [3], has index 2 in N(<3 A ) and every subgroup isomor- 
phic to N((5' A( .) is conjugate to N(<5' A ) and is generated by WUW~ l and 

By Lemma 6.6 of [3], every subgroup isomorphic to Aj in PSL3(i ? ), is conju- 
gate to &a 7 - 

(q) By parts (6) and (7) of Theorem 1.1 of [3], there exists one conjugacy class 
each of groups isomorphic to (5 60 and <5i68- One can verify directly that 
the generators for ©g and ©f 68 satisfy the necessary relations as generators 
for the groups. For the last two types of groups, see parts (1) and (2) of 
Theorem 7.1 of [3]. 

(r) and (s) Let (5 be a finite subgroup of PGL3(F) that is not PGL3(i ? )-conjugate 
to any of the groups listed earlier in this Lemma. For any subgroup Sj C 
PGL3(i ? ) let tp be the isomorphism given by M i— ► (M~ 1 ) Tr , where (M~ 1 ) Tr 
is the image in PGL3(i ? ) of the inverse transpose of any lift of M G GL3(i ? ). It 
follows from the argument given in §7 of [3] and from Theorem 7.1 of [3], that 
up to conjugation and/or isomorphism by ip, the group © consists entirely of 
elements of the form 



a b 
c d 



(I) 



e f 1 

and that (25 contains an elementary abelian subgroup ^3,4 consists entirely of 
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elements of the form 

1 
10- 

a (3 1 

The subgroup is the kernel of the homomorphism (3 — ► 0' C Gh2(F) 
given by 

a b 
c d 
e / 1 

After conjugating by an element of the form (I) we may assume that the image 
<&' of & in PGL2(-F) is one of the subgroups listed in Lemma 2.2.1. 
First suppose that <3' is one of the groups given in Lemma 2.2.1(a) or (f). 
Conjugating <5 by the element 

1 

1 
1 

we obtain a group that consists of elements of the form 

Ci o o 

a Q 2 • 
P 7 1 



a o 



V d J 



Let be the Sylow-p group of 0. The group *p consists entirely of elements 
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of the form 

10 
a 1 

P 7 1 

Define <p: -> PGL 3 (F) by 



Ci 










Ci 








a 


C2 





i — > 





C2 





/3 


7 


1 










1 



and let Sj be the image of tp. Then the sequence 

is split exact by Hall's Theorem. Let <fi: fj — > <5 be a section that is a ho- 
momorphism. It can be deduced from Theorem 8 of §96 of [20] that <j)(Sj) is 
conjugate to subgroup D, generated by the images of diagonal matrices, via a 
lower triangular matrix M. The group MtyM~ l consists entirely of elements 
of the form 

1 
a 1 • 

V 7 1 

So we obtain the a group of the type given in (s). 

From now on we will assume that 0' is one of the groups given in Lemma 2.2.1 

not equal to a group given by Lemma 2.2.1(a) or (f). 

If the order of <&' is prime to p, then by Hall's Theorem the sequence 

1 -> y A -» © -» & -» 1 
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is split exact. Let ip: (5' — ► (5 be a section that is a homomorphism. Then by 
part (a) of this lemma, ip(®') is PGL3(i ? )-conjugate to and intransitive group 
3. Let M G PGL 3 (F) and suppose that Mipi&^M' 1 = 3. Since &' is one of 
the groups given in Lemma 2.2.1 not equal to a group given by Lemma 2.2.1(a) 
or (f), and since consists of elements of the form (I), it can be verified 

that ip(&') fixes exactly one point of P 2 (F), the point P := [0: 0: 1]. It can 
be verified that P is the only point of ¥ 2 (F) fixed by 3. It follows that M 
must also fix P. So M must be of the form (I). Then M^P^M -1 is of the 
form (Ai). So (9 is PGL3(i ? ) conjugate to a group of the desired form. 
If p divides the order of &' then & is one of the groups given in Lemma 2.2.1(g) 
or (h), then by Theorem 3.4(5) of [3], <3' contains the element 



M' :-- 



V 



o -i, 

After conjugating (25 by an element of the form (I), we may assume that 



M :-- 



Then for any 



H 



-10 
0-10 
1 

a b 
c d 
e f 1 



G <8. 



the element 



L := {M~ l H M H~ l ) p ~ 1 
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1 
10 

e f 1 



G 0. 



Then iJ = where 



a b 

c d o e<&- 
1 

So (25 is of the form i $A 1 x 3 an d it is easily seen that the transpose inverse of 
(25 is of the form ^a 2 * 3. 

□ 

Lemma 2.3.8. Let (25 be one of the groups listed in Lemma 2.3.7 and let iV(<5) be the 
normalizer of in PGL^F). Then, using the notation of Lemma 2.3.7, 

(b) suppose that (25 is a group of type £. So (25 is generated by the element T and a 
diagonal subgroup S). Let m = 3 l be the largest power of 3 such that fj has an 
element of order m and let £ m be a primitive m th root of unity. Let 



and let 





Cm 





S m ,2 '■ — 





Cm 1 







1 




Cm 





Sm,l : = 





1 







1 



Then 
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i. if& = 9 then 2V(0) = 2 i 6 = 09 * (US 2 ,V). 
n. ifS mA eSj and if ft ^ (S 3>2 ), then iV(0) C (0 , R, S 3m , 2 ) . 
Hi. ifS mA gft and iff) £ (S 3>2 ), then iV(0) C (0,i?,5 m ,i). 

fcj suppose that is a group of type D. So is generated by the elements T , R, and 
a diagonal subgroup ft. Then 

i. if = 0i 8 then iV(0) = 2 i 6 . 

it. z/5 m ,i G £ and if 9) / (5 3>2 ), */ien 7V(0) C (0,5 3m)2 ). 
*«• and if ft ^ (5 3)2 ), i/ien 7V(0) C (0,S m ,i). 

(<fj iV(0 36 ) = 72 . 

^ iV(0 72 ) = 2 i 6 = 72 X (U). 
(f) iV(0 216 ) = 0216. 
^ iV(0 6 o) = 060- 

(h) iV(0 36 o) = 0360- 

(i) iV(0i 68 ) = 168- 

(j) iV(PSL 3 (Fg)) = PGL 3 (F g ). Note that if q £ 1 (mod 3), thenPSL 3 (F q ) = PGL 3 (F 9 ). 
Otherwise, PGL 3 (F 9 ) = (PSL 3 (F,),M) where 

a 

M:= o 10 

1 

for some a where a S (F g ) 3 — ¥ q . 
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(k) iY(PGL 3 (F 9 )) = PGL 3 (F 9 ). 

(I) A f (PSU 3 (F 9 )) = PGU 3 (F 9 ). Note that if q = (mod 3), then PSU 3 (F 9 )) 
PGU 3 (F g ). Otherwise PGU 3 (F g ) = (PSU 3 (F f/ ), M) where 



M :-- 



a 
1 
1 



for some a where a £ (¥ q ) 3 -¥ q if q = 1 (mod 3) and a G (F^a) 9-1 - (¥ q 2) 3 ^ q ^ 
if q = 2 (mod 3) . 

(m) iV(PGU 3 (F 9 )) = PGU 3 (F g ). 

(n) N(<5psL 2 ( q )) = ©PGL 2 ( g ) = (<8pSL 2 ( 9 ),M) w/iere 

a 2 
M:= a 
1 

for any a £¥ q that is not a square, 
(o) N((5 PGh2{q) ) = © PGL2(9) . 
(p) N(N(&a 6 )) = N(<S A6 ) and N(<5 A7 ) = 

(q) N(<$l Q ) = &l Q , N(&1 68 ) = 0f 68 . If (3 is of type £ 3 then N(<5) = x £ w/iere 
// *5 is o/ type £> 3 i/ten iV(<5) = 0. 



Proof. 
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(b) It can be deduced by Lemma 1.5 of [10] that any group that contains a diagonal 
element of order m contains the element S m ^- 

i. Suppose that (3 = <5 9 . By §115 of [20], N(<8 9 ) = © 2 i6 and ® 2 16 is generated 
by <8 9 , U, and V. Note that (<3 9 , U, V) = (<3 9 , US 2 , V). One can verify that 

(us 2 ,v) n© 9 = id. 

ii. Suppose that S m>1 £ S) and 9) ^ (S 3>2 ). By the Lemma of §108 of [20], N(<8) is 
a group generated by R, T, and the images in PGL3(i ? ) of diagonal matrices. 
Let D be the image in PGL3(i ? ) of a diagonal matrix. A computation shows 
that if DTD^ 1 G (5 then D 3 G 0. So if D £ iV(<5), then D = D'M, where 
D' £ f) and M is the image of a diagonal matrix of order a power of 3. By 
Lemma 1.5 of [10] we may assume that M is a power of M = <S3 m ,i or £3^2 ■ 
A computation shows that S^m^i N(&) and that 63^2 G iV((S). It follows 
that jV(<9) C {®,S 3m , 2 ,R). 

hi. Suppose that 5 mj i g" ^ and fj / (5*3,2)- The proof is the same as for N(<3) in 
(ii), except that M must be a power of 5 mj i or Sz m ,2 and the final computation 
shows that S 3m> 2 N(<&) and that S m ,i G N(&). 

(c) i Suppose that = <5 18 . By §115 of [20], iV(0i 8 ) = © 2 i6- 

ii. and iii. By assumption © is generated by R and a group &' of type (£. It 
is easily verified that (5' is a characteristic subgroup of <3. It follows that 
N(<8) C jV(<3'). The result follows from (b). 

(d) By §115 of [20], iV(0 3 6) Q *5 2 i6- Since £ 3 6, ^(©ae) / ®2i6- Since 36 
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has index 2 in ($72 it is normal in ©72. Since 072 has prime index in 0216; we must 
have iV(0 36 ) = ©72- 

(e) By §115 of [20], iV(072) C ©216- A computation shows that ©72 is closed under 
conjugation by 0216 1 so ^(©72) = 0216- Since U E ©216 — 072 has order 3, 
©216 = ©72 x (U). 

(f) By §115 of [20], iV(©2i6) = 0216- 

(g) By §124 of [20], iV(0 6O ) = ©60- 

(h) By §124 of [20], iV(0 36O ) = ©360- 

(i) By §124 of [20], iV(0 168 ) = 168 . 

(j) and (1) Clear by Lemmas 6.1 and 6.2 of [3]. 

(k) and (m) Let be equal to PGL 3 (F g ) or PGU 3 (F 9 ) and let S3 be equal to PSL 3 (F 9 ) 
or PSU 3 (F g ) respectively. By Theorem 1.1 of [3], Sj is a normal subgroup of of 
index 1 or 3. We show that Sj is a characteristic subgroup of 0, so in particular 
iV(0) C N(Sj). Then our result follows from (j) and (1). 

Let (p be an automorphism of and let Sj' = <p(Sj). Then since and f)' are normal 
subgroups of 0, the group S) n S)' is a normal subgroup of S). By Theorem 5.14 
of [3], S) is a simple group. So S) n $)' = {Id} or fj. Suppose that ft f\Sj' = {Id}. 
So = \S)\\fj'\. By page 208 of [21], \Sj'\ = \Sj\ > 3. (Mitchell calls PSL 3 (F 9 ) 

and PSU 3 (F g ), LF(3,g) and HO(3,g 2 ) respectively.) Since Sffi C 0, \S)\\Sj'\ < 
|©| = 3|f)|. This is a contradiction. Therefore $3 = Sj' and so ft is a characteristic 
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subgroup of &. 
(n) This is clear by Lemma 6.3 of [3]. 

(o) This follows from the fact that PSL2(F 9 ) is a characteristic subgroup of PGL^Fg) 
and part (n) of this Lemma. 

(p) By Lemma 6.6 of [3], N(N(<Sa 6 )) = N(® Ae )- By Lemma 6.7 of [3], N(&a 7 ) = <3a 7 - 

(q) By Lemma 6.4 of [3], JV(«5jJo) = 0g„- B y Lemma 6.5 of [3], N(&f 6S ) = 0f 68 . The 
last two statement follow from simple computations very similar to the ones in the 
proofs of part (b) and (c). 

□ 

Lemma 2.3.9. Let 3 C PGL3(i ? ) be a finite intransitive group. Suppose that the image 
3 of 3 in PGL2(i ? ) is one of the groups listed in Lemma 2.2.1 which is not equal to one 
of the groups given by Lemma 2.2.1(a) or (f). Then 3 has an element of the form 

Ci o o 
o c 2 o 

1 

where both £i and C2 a^e roots of unity not equal to 1 . 

Proof. If 3 is one of the groups given in Lemma 2.2.1(g) or (h), then by Theorem 3.4(5) 
of [3], 3 contains the element 

-10 
0-10- 
1 
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In the other cases, after looking at the generators for the groups listed in Lemma 2.2.1, 
one can deduce that 3 contains a dihedral subgroup generated by 



R :-- 



and 



C o 

1 

c 

1 

where £ is a primitive n th root of unity for some n > I. Then 3 contains the element 



S :-- 



where u is a some root of unity. Then 



S 2 



(uj 

u 

1 

(lu 2 

(uj 2 

1 



is of the desired form unless C = 1/w 2 . Suppose that £ = 1/uj 2 . Then 3 contains the 
element 



R :-- 



and the element 



(RSf 



oj- 2 uj' 
J 
1 



(u') 2 /lo 2 
(Jfju? 
1 



55 

where u' is a some root of unity. One of R or (RS) 2 is of the desired form, for if (RS) 2 
is not then lo 2 = (lo') 2 and so 

(uj'y 1 o o 
R= o J o 

1 

is of the desired form since (w')~ 2 = £ implies that uj' is a primitive root of unity for 
some n > 2. □ 
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Chapter 3 

Isomorphisms of hyperelliptic and 
plane curves 

3.1 Isomorphisms of hyperelliptic curves 

Throughout this section let K be a perfect field of characteristic not equal to 
2, let F be an algebraic closure of K, and let X be a hyperelliptic curve over F. In 
particular, X admits a degree-2 morphism to P^ and the genus of X is at least 2. Each 
element of Aut(X) induces an automorphism of Pp fixing the branch points. The number 
of branch points is > 3 (in fact > 6), so Aut(X) is finite. We get a homomorphism 
Aut(X) — ► Aut(P^) = PGL2(-F) with kernel generated by the hyperelliptic involution 
i. Let © C PGL^-F) be the image of this homomorphism. Replacing the original map 
X — ► by its composition with an automorphism g E Aut(P^) = PGL/2(-F) has the 
effect of changing to g&g -1 , so we may assume that is one of the groups listed in 



57 

Lemma 2.2.1. Fix an equation y 2 = f(x) for X where / G F[x] and disc(/) 7^ 0. So the 
function field F(X) equals F(x,y). 

Proposition 3.1.1. Let X' be a hyperelliptic curve over F given by y 2 = f'(x), where 
f'{x) is another squarefree polynomial in F[x]. Every isomorphism cp: X —> X' is given 
by an expression of the form: 



ax + b ey 



cx + d : (cx + d)9+ 1 



for some M 



a 



G GL2(i ? ) and e G F x . The pair (M, e) is unique up to 

V d ) 

replacement by (XM,eX 9+1 ) for A G -F x . Iff''. X' — > X" is another isomorphism, given 
by (M',e'), then the composition tp'tp is given by (M'M,e'e). 

Proof. See Proposition 2.1 in [2]. □ 

Throughout the rest of this section assume that K is the field of moduli of X 
relative to the extension F/K and let V = G&\(F/K). 

Lemma 3.1.2. Suppose a G T and suppose that the isomorphism ip: X — > a X is given by 
(M, e). Let M be the image of M in PGL2(i ? ). If (55 7^ ®/3,A then M is in the normalizer 
N(<3) of & in PGL2(-F). If & = &/3, a then M is an upper triangular matrix. 

Proof. Since Aut(°X) = | tp G Aut(X)}, the group of automorphisms of P 1 induced 
by Aut^X) is <5 a := {U a \ U G ©}. 

Let if) be an automorphism of X given by (V,v). Since tf> is an automorphism, 
V G GLi2(F) is a lift of some element V G ©. Then ipiptp -1 is an automorphism of a X 
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given by (MVM~ l ,v). We have MVM~ l =MVM~ 1 £ CT . It follows that M01T 1 = 
& a . If + &/3 >A , by Lemma 2.2.1, 0^ = 0. Sole iV(0). If = 0^, then since CT 
has an elementary abelian subgroup of the same form as 0, a simple computation shows 
that M is an upper triangular matrix. □ 

Lemma 3.1.3. Suppose that for every r G T i/iere exists an isomorphism (p T : X — ► r X 
given by (M T ,e) where M T G r . T/ien X can 6e defined over K. Furthermore, X is 
given by an equation of the form z 2 = where h G 

Proof. Let P\, . . . , P n be the hyperelliptic branch points of X — ► P 1 . Let r G T. The 
isomorphism <^ T : X — ► r X induces an isomorphism on the canonical images P 1 — ► P 1 
which is given by M T . Write r(oo) = oo. The hypothesis M T G T implies that M T 
maps (t(Pi), . . . , r(P n )} to itself; since it also maps {Pi, . . . , P n } to {r(Pi), . . . , r(P n )}, 
we get {r(P 1 ),...,r(P n )} = {P 1 ,...,P n }. So 

/i(x) := Yl (x-Pj) G ^[4 

It follows that X can be defined over i^T. □ 

Corollary 3.1.4. Suppose that iV(0) = and ^ 0/3, a- Then X can be defined over 
K. 

Proof. By Lemma 2.2.1, CT = for all cr G T. Let r G T. By Lemma 3.1.2, any 
isomorphism X — ► T X is given by (M, e) where M G iV(0) = = T . □ 

Lemma 3.1.5. Suppose there exists an automorphism tp of P 1 sitc/i i/ioi for all a G T 
i/ie automorphism (■0 _1 ) <J V ; ^ s ^° an isomorphism ip a : X — > °X. T/ien ^ Zi/te to an 



59 

isomorphism 

X^Y F , 

where Y is a K -model of X is given by an equation of the form z 2 = h(x) with h G 

Proof. Let P\, . . . ,P n be the hyperelliptic branch points of X — ► P 1 . By assumption X 
is the smooth projective model of y 2 = f(x), where f(x) G F[x]. Let 

f(x):=X J] (x-Pj), 

where A G F x . 

Suppose a G V. Writing cr(oo) = oo, we have by assumption 

MPi), . . . , <x(P„)} = {(V-^XPi), . . . , ^- l Y^{P n )}. 



So 



{a(^(Pi)),...,a(^(P n ))} 

= {f(<7(P 1 )),..,f( ( T(P Il ))} 
= {^(P 1 ),...,V( J Pn)}. 



Then 



/»(*):= J] (z - ^(P,)) G K[x). 

Let Y" be the hyperelliptic curve over K given by z 2 = h{x). The hyperelliptic branch 
points of Yp — > P 1 are (t/>(Pi), . . . , ^(P„,)}. Suppose that ^ is given by 

ax + 6 



cx + d 
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Let 

r (x) := h ( ^±^\ ( cx + d y e F [ x ]. 
V cx I d J 

If P is a zero of r, then either P is a zero of / with ip(P) 7^ 00, or c ^ and P = — ^. 
If c 7^ and — ^ is a zero of r, then the degree of h is n — 1. In this case 00 is a branch 
point of Yp — > P 1 so we must have ip(Q) = 00 for some hyperelliptic branch point of Q 
of X —> P 1 . Then since = 00, Q = — - is a zero of /. So r|/. 

Conversely, let Q be a zero of /. Clearly, if ip(Q) 7^ cxd then Q is a zero of r. 
Suppose that ip(Q) = 00. Then the degree of h is n — 1 and cx + d must divide r. Also, 
since ip(Q) = 00 we must have c 7^ and Q = — f . So Q is a zero of r. So /|r and we 
must have / = X'r for some A' G F x . By Proposition 3.1.1, it follows that there exists 
e £ P x such that (M, e) gives an isomorphism X — > Yp where 



M 



a 



V d J 



□ 



3.2 Isomorphisms of plane curves 

Throughout this section let F be an algebraically closed field of characteristic 
not equal to 2. 

Theorem 3.2.1. Let X and X' be smooth plane curves of degree d > 3 over F. Then 
any isomorphism from X to X' is induced by a linear transformation of P 2 . 

Proof. See [8]. □ 
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Lemma 3.2.2. Let K be a subfield of F such that F/K is Galois and let T := Gal(F / K) . 
Let X be a smooth plane curve over F of degree d > 3. Let & C PGI^i 7 ) be the 
automorphism group of X and let N(<3) be the normalizer of <5 in PGL^(F). Let a G T 
and suppose that there exists an isomorphism p: X — > a X . If 0°" = (5 then <p is given 
by an element M in the normalizer N(&) of (5. 

Proof. Let o G T and suppose that <p: X — > a X is an isomorphism. By Theorem 3.2.1, 
ip is given by M G PGL 3 (F). Since Aut( CT X) = (J5 CT , we have M0M" 1 = = 0, we 
must have M G iV(0). □ 

Lemma 3.2.3. Let X be a smooth plane curve over F and suppose that the automor- 
phism group Aut(X) of X is given by <3, one of the groups listed in Lemma 2.3.7. Let 
K be a subfield of F such that F/K is Galois and let Y := Ga\(F/K). Let a G T and 
suppose that M G PGL3(i ? ) gives an isomorphism X — > a X. Then M G N((5) unless 

(a) & = 3 is intransitive where 3 is one of the groups in Lemma 2.2.1. If 3 is not 
a group given in Lemma 2.2.1(a) or (f), then M is an element of an intransitive 
group 3' containing 3 with 3' equal to the normalizer of 3 in PGL2(i ? ). 



(h) & = (5 360 . Then M G 36O if and only if a{y/-L5) = y^TE. If a(y/^lS) 
-y/-15, then M = M'A where A G ©360 and 



M' :-- 



A 2 
1 
1 



(r) <3 = ^Pa^3 is a group given in Lemma 2.3.7(r), where is an elementary abelian 
p-group and 3 is an intransitive group. Then M = M'A, where A G and M' is 
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an element of an intransitive group 3' containing 3 with 3' equal to the normalizer 
of 3 in PGL 2 (F). 

(s) (3 = ^x3) is a group given in Lemma 2.3.7(s), where is *p a nontrivial p-group 
consisting entirely of elements of the form 

1 
a 1 

(3 7 1 

and where T> is a finite diagonal subgroup ofPGL^(F). 

Proof. In all but the four cases listed, it is easily verified that & a = & and so by 
Lemma 3.2.2, M is in N(<3). We now consider the other four cases. 

(a) Any intransitive group, whose image in PGL2(i ? ) is given by one of the groups of 
Lemma 2.2.1 that is not equal to a group given in (a) or (f), fixes exactly one point 
of F 2 (F), the point P := [0: 0: 1]. Since 3 a = M3M~ l is also intransitive and 
since 3 a is a group of the same type as 3, M3M~ l must also fix only the point P. 
It follows that M must also fix P, so M must be of the form 

a b 
c d • 
e / 1 



Let ip be the inverse transpose isomorphism of PGL3(i ? ) defined in the proof of 
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Lemma 2.3. 7(r). Then both ^(3) and ipC3 a ) fix only the point P. So 



ip(M) 



d — c cf — <ie 
—b a —af + 6e 
ad -be 



must also fix P. So cf — de = —af + be = 0. This implies that (e, /) is a scalar 
multiple of both (c,d) and (a, b). Since M is invertible ad — be ^ 0. So we must 
have (e, /) = (0, 0). Therefore M must be of the form 

a b 
c d 
1 

Since 3 a = 3, the element M must be in the normalizer of 3 in PGL^i 7 ). 



(h) If cr(y/— 15) = v 7 — 15, then (Sfgg = ®360 an d M must be in the normalizer N(<3^q) 
of (S 3 60- By Lemma 2.3.8, iV(0 3 6o) = ©aeo- 



Suppose that a(y/-15) = -^-15. Note that <5 360 = (E 1 , E 2 , E 3 , E±) and <Sf 60 
{Ei, E 2 , E 3 , E%). A computation shows that 

M'E 1 (M')~ 1 = Ei, 

M'E 2 (M')- 1 = E 2 , 
M'E^M')- 1 = El, 

and 



M'E 4 {M'Y l = E 3 . 
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So M'^oiM')- 1 = 0^ 6O . Then since 

= M036OM- 1 = M'& 3eo (M'r\ 

we must have (M') _1 M G iV(© 36 o) = ^360- It follows that M = M'A for some 
^4 G ©360- 

(r) Suppose that (5 = ^a x 3 is a group given by Lemma 2.3. 7(r), where ^a is an 
elementary abelian p-group consisting of elements of the form (Ai) with i G {1, 2} 
and where 3 is an intransitive group whose image 3 is one of the groups listed in 
Lemma 2.2.1 not equal to a group given in Lemma 2.2.1(a) or (f). Let tp be the 
inverse transpose isomorphism of PGL 3 (.F) defined in proof of Lemma 2.3.7(r). 
There exists an intransitive element B G PGL3(i ? ) so that Bij){®)B~ l := ^' A x 
3, is a group given by Lemma 2.3.7(r) where ty' A is an elementary abelian p- 
group consisting of elements of the form (Aj) with j G {1,2} — {i}. Let </> be the 
automorphism of PGL3(i ? ) defined by D i— > BiJj(D)B~ 1 . Note that the image of 
an intransitive element under <fi is intransitive and that a) = Va an d that 
cj)(Cy = <j)(C a ) for all C G PGL 3 (F). Since we will show that M&M' 1 = <3 a 
implies that M = M'A, with A G (S and where M' is an element of an intransitive 
group 3' containing 3 with 3' equal to the normalizer of 3, we may assume without 
loss of generality that i = 2. 

For convenience, we will write an element g G (9 as (v, V) where v is a 2 x 1 matrix 
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and where V is in GL2(-F). That is, if 



9 ■-- 



aba 
c d 13 
1 



G <8, 



then we will write 5 = (t>, V) where v = {a, (5) and 

( k\ 

a 

V := E GL 2 (F). 

V c 7 

Let (v,V), (v',V) be in 0. Then 



(v,V)(v',V) = (v + Vv',VV'). 

Now suppose that M E PGL3(i ? ) gives an isomorphism X — > a X. Let [Xq : X\ : X2] 
be coordinate functions on P 2 . The unique line fixed by © is {X2 = 0}. So the 
unique line fixed by ® CT is {X2 = 0}. The unique line fixed by M<$M~ l must 
be the image of the line {X 2 = 0} under M. Since <5 a = MSM" 1 , M must fix 
the line {X 2 = 0}. So we can write M := (u, U). We have <$°~ = ^ A x Let 
5 := (v, V) be in 0. Then MgM' 1 



We see that 



qsr A = {(Uv,id): (v,id)ey A } 



and 



3 CT = {(<d,UVU~ l ): (0, V) E J} 



6(3 



Then for all (0, V) G we must have 

M(0,V)M^ (0, (OW -1 ) -1 ) = {u-UVU~ l uJd) G CT . 
By Lemma 2.3.9, <5 a has an element of the form (0, W), where 



W 



and where both d and C2 roots of unity are not equal to 1. Then there exists n > 1 
with j> { n such that £i and are zeros of X^^o 1 Choose I G Z>o so that = 1 
(mod p). Since UV'U~ l = W for some (0, V) G 0, the element 

So (U~ 1 u,Id) is in 0. Since (0, [7)3(0, [/) _1 = J CT by part (a) of this lemma we 



must have (0, U) G N(3), so (0, [/) in an element of an intransitive group 3' where 
J is the normalizer of 3 in PGL 2 (F). Then M = (u, U) = (0, U^U^uJd) is of 
the desired form. 

(s) In this case it may not be true that CT = so M may not be in the normalizer of 
0. 

□ 
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Chapter 4 



Hyperelliptic curves definable 



over their fields of moduli 



Let K be a perfect field, let F be an algebraic closure of K, and let T = 
Gal(F/K). Let X be a hyperelliptic curve over F and let B be the canonical K- model 
of X/ Aut(X) given in Theorem 1.6.5. In the proof of Theorem 1.6.5, Debes and Emsalem 
show the canonical model exists by using the following argument. For all er 6 V there 
exists an isomorphism ip a : X — ► CT X defined over F. Each induces an isomorphism 
(p a : X/ Aut(X) — ► <T X/Aut( <T X) that makes the following diagram commute: 

X °X 



p 



p 



X/Aut(X) *■ a X/Aut( a X) 

Composing ip a with the canonical isomorphism 

v: a X/Aut( a X) -» ff (A/Aut(X)) 
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we obtain an isomorphism 

Tp^: X/kut{X) -► a (Xj Aut(X)). 

The family {^7} Tg r satisfy Weil's cocycle condition Tp^^Tp^ = Tp^ given in Theo- 
rem 1.6.3. This shows that B exists. 

Let F(B F ) be the function field of B F . Since B F 9* P 1 , = for some 

element t. We use t as a coordinate on Bp. Suppose a € Y and suppose that ^ is given 
by 

at + b 
t^ -. 

ct + d 

Define a* £ Aut(F(t)/K) by 

a *(f) = — o"*(a) = a(a), a £ F. 
ct + d 

One can verify that {o~t)*{w) = <j*{t*(w)) for all w E F(t). So we get a homomorphism 
T — > Aut(F \B p) I K) , a i— ► c*. The curve .B is the variety over i<C corresponding to the 
fixed field of T* = {cr*} - g r- The following lemma and corollary will be of use. 

Lemma 4.0.4. Let C be a curve of genus over K and suppose that C has a divisor D 
rational over K of odd degree. Then C(K) ^ 0. 

Proof. Let w be a canonical divisor on C. Since deg(u;) = —2, we can take a linear 
combination of D and uj to obtain a divisor D' of degree 1. Since deg(w — D') < 0, by 
the Riemann-Roch theorem l(D') > 0. So there exists an effective divisor D" linearly 
equivalent to D' rational over K. Since D" is effective and of degree 1 it consists of a 
point in C(K). □ 
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Corollary 4.0.5. Let L/K be a separable field extension of odd degree. Let C be a curve 
of genus defined over K and suppose that C(L) ^ 0. Then C(K) ^ 0. 

Proof. Let P G C{L) and let n = [L : K\. Let ri, . . . ,r„ be the distinct embeddings of 
L into an algebraic closure of L. Then D = Srj(P) is a divisor of degree n defined over 
K. By Lemma 4.0.4, C(K) + 0. 

□ 

4.1 The main result for hyperelliptic curves 

Theorem 4.1.1. Let K be a perfect field of characteristic not equal to 2 and let F be an 

algebraic closure of K. Let X be a hyperelliptic curve over F and let = Aut(X)/(t) 
where i is the hyperelliptic involution of X. Suppose that & is not cyclic or that U5 is 
cyclic of order divisible by the characteristic of F. Then X can be defined over its field 
of moduli relative to the extension F/K. 

Proof. Let T = Ga\(F/K). By Proposition 1.6.2 we may assume that K is the field of 
moduli of X. By Proposition 3.1.1 we may assume that is given by one of the groups 
in Lemma 2.2.1. Fix an equation y 2 = f(x) for X where / G F[x] and disc(/) ^ 0. So 
the function field F(X) equals F(x,y). There are eight cases. 

(bl) (55 = D4. The element t := x 2 + x~ 2 is fixed by ©£) 4 and is a rational function 
of degree 4 in x. So the function field of X / Aut(X) equals F(t). We use t as 
a coordinate on Xj Aut(X). The map p: X — > X/ Aut(X) is given by (x,y) \— > 
(x 2 + x~ 2 ). Let a £ T. By Lemmas 3.1.2 and 2.2.3, ip a '. X — > a X is given by (M, e) 
where M G C5s 4 . A computation shows that cr*(t) is one of the following: 
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i. t 

ii. -t 
iii 

m - t-2 
iv 

2t-12 



V. 



t+2 



Vi 

Since Tp T : X/ Aut(A) — > T {X / Aut(A)) is denned over K for all r G T, we have 
Tp^lp^ = Tp^. for all r € I\ The fractional linear transformations i through vi 
form a group under composition isomorphic to S3. The map r \—* T*\x(t) defines 
a homomorphism from T to this group. The kernel of this homomorphism is 
A := {r £ T I r*(t) = t}. So |r/A| = 1, 2, 3, or 6. 

Case 1: |r/A| = 1. In this case the fixed field of T* is K(t) and B = P^. 

Case 2: |T/A| = 2. Let a be a representative of the nontrivial coset. There are three 
cases. 

i. o*(t) = —t. Then t = corresponds to a point P G B(K). 

ii. a*(t) = Then t = 6 corresponds to a point P G P(A). 

iii. cx*(i) = ■ Then t = — 6 corresponds to a point P G B(K). 

Case 3: |T/A| = 3. Since the fixed field of A* is P A (i), P has a P A -rational point. By 
Corollary 4.0.5, since [P A : K] is odd, P has a AT-rational point. 

Case 4: |T/A| = 6. Let II be a subgroup of T containing A such that IT/A is a subgroup 
of r/A of order 2. By Case 2, P has a P n rational point. Since [P n : AT] = 3 
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is odd, by Corollary 4.0.5, B has a JT-rational point. 



(b2) (25 = D 2n , n > 2. The function field of X/Aut(X) equals the subfield of F(X) 
fixed by &d 2 „ acting by fractional linear transformations. Then t := x n + x~ n is 
fixed by &D 2n an d is a rational function of degree 2n in x, so the function field of 
X / Aut(X) equals F(t). Therefore we use t as coordinate on Xj Aut(X). The map 
p: X — > Xj Aut(X) is given by (x,y) \— > (x n +x _n ). Let cr 6 T. By Lemmas 3.1.2 
and 2.2.3, 930- : X — ► °X is given by (M, e) where M £ -D4n- Then the map 
p a (p a : X <7 X/Aut(°'A') is given by (z,y) i-» ±(<c n + x' n ). So cr*(i) = ±t. The 
curve -B corresponds to the fixed field of F(t) under T* . Then t = corresponds 
to a point P £ B(K). 

(c) (25 = A4. The element t' := x 2 + x -2 is fixed by the normal subgroup (25 d 4 . From 
(c), we see that the element 



is fixed by C5^ 4 and is a rational function of degree 12 in x. So the function 
field of Xj Aut(X) equals F(t). We use t as coordinate on Xj Aut(X). The map 
p: X Xj Aut(X) is given by 



Let a S r. By Lemmas 3.1.2 and 2.2.3, ip a : X — > a X is given by (M, e) where 
M S (25 54. A computation shows that cr*(t) = ±t. Then t = corresponds to a 
point P £ B(K). 




(x,y) 1 ^ (s 



12 



33x 8 - 33x 4 + l)/(-x 10 + 2x 6 - x 2 ). 
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(d) (25 ^ S 4 . By Lemma 2.2.3, N(<3) = ©. So by Corollary 3.1.4, X can be denned 
over K. 

(e) © = A 5 . By Lemma 2.2.3, N(&) = (25. So by Corollary 3.1.4, X can be denned 
over K. 

(f) (5 = (25^. Let d be the order of (3 and let i = g(x) := ELe^ ~ a ) d - Tnen 
t is a rational function of degree |(25| fixed by (25/3, a acting by fractional linear 
transformations. So the function field of Xj Aut(A) equals F(t). We use t as a 
coordinate function of Xj Aut(X). Let a G T. By Lemma 3.1.2, </j CT : X — > a X is 
given by (M, e) where M is an upper diagonal matrix. So cr*(t) = g a (ax + b) for 
some o / and b. Let P be the point of X/ Aut(X) corresponding to x = oo. 
Then since g a (aoo + b) = g(oo), P corresponds to a point in B(K). 

(g) (25 = PSL 2 (Fg). It can be deduced from Theorem 6.21 on page 409 of [32] that 
PSL2(F g ) is generated by the image in PGL2(.F) of the following matrices 





(o 




(l ^ 












1 


< 








: a G ¥ p r 




I 1 


°) 


1° V 





Let 

, . {{xi - x)"- 1 + l) 2 ^ 
g(x) = 5 . 

(a; 1 ? — x) 2 

One can verify that g(—l/x) = g(x) and g(x + a) = g(x) for all a G F p r. Since 5 is a 

3 

rational function of a; of degree 2-^2 = | PSL2(F g )|, the function field of Xj Aut(X) 
is F(t) where t = g(x). We use t as a coordinate function on Xj Aut(X). The map 



73 

p: X — > X/ Aut(X) is given by 

fay) - s — ' 

(x 9 — a;) 2 

Let cr € r. By Lemmas 3.1.2 and 2.2.3, : X — ► °X is given by (M, e) where 
M G PGL2(Fg). A computation shows that cr*{t) = =ti. Then t = corresponds 
to a point P G £(-*0- 

(h) (25 = PGL 2 (F g ). By Lemma 2.2.3, N(<8) = 0. So by Corollary 3.1.4, X can be 
defined over K. 

□ 

Theorem 4.1.2. Let K be afield of characteristic not equal to 2, let X be a hyperelliptic 
curve over K and let & = Aut(X)/(t) where t is i/ie hyperelliptic involution of X. 
Suppose that is noi cyclic or that (3 is cyclic of order divisible by the characteristic of 
F. Then X is definable over its field of moduli. 

Proof. This follows from Theorem 4.1.1 and Theorem 1.6.9. □ 

4.2 A note about defining equations 

Let K be a perfect field of characteristic not equal to 2 and let F be an algebraic 
closure of K. Let I be a hyperelliptic X curve over F with field of moduli K m and 
let l be the hyperelliptic involution of X. By Theorem 4.1.1, X is definable over K m . 
In this section we show that X is given by an equation of the form y 2 = f(x), with 
f(x) G K m [x]. 
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Lemma 4.2.1. Let X be a hyperelliptic curve of even genus g defined over a field K of 
characteristic not equal to 2. Then X is K -isomorphic to a hyperelliptic curve given by 
an equation of the form y 2 = f(x) with f £ if[a;]. 

Proof. The canonical morphism factors as 

where deg(p) = 2 and C is a .ff-curve of genus 0. On Pf^ 1 we have the invertible sheaf 
0(1) and C := i*0{\) is an invertible sheaf on C. Since p*{C) is a canonical divisor to 
on X, we have 2deg£ = degu = 2g — 2. So deg£ = g — 1 is odd. By Lemma 4.0.5, C 
has a ET-rational point. So C =k So the function field of K(X) of X is a quadratic 
extension of K(x). By Kummer theory K(X) = K(x,y) where y 1 = f(x) for some 
feK[x}. □ 

Proposition 4.2.2. Let X be as in Theorem 4-1-1. Then X has a K m -model given by 
an equation of the form z 2 = h(x) with h £ K m [x], where K m is the field of moduli of 
X relative to the extension F/K. 

Proof. Throughout this proof we use the same notation and make the same assumptions 
as in the proof of Theorem 4.1.1. So, for example, we assume that K m = K. 

In cases (bl), (b2), (c), and (g) we construct a family of automorphisms {Vv}o-er 
of P 1 that satisfy Weil's cocycle condition of Theorem 1.6.3 and such that each automor- 
phism ij) a lifts to an isomorphism X — > a X. Let C be the K- model of P 1 corresponding 
to {"i/'o-jo-er- We then show that C has a i^-rational point, so C is isomorphic over K 
to P^. Then by Theorem 1.6.3 there exists an automorphism tp of P 1 such that for all 
a £ r we have (^~ 1 ) a ip = ip a . By Lemma 3.1.5, X has a X-model Y given by z 2 = h(x). 
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If 7^ ®/3,A then for each a G V we have G So the map <r ^> cr*\ K ^ 

defines a homomorphism from T to a group of fractional linear transformations of K{t) 
whose kernel is A := {a G V \ a*(t) = t}. If © / let L = F A , and if © = &p jA let 
L = F. By Lemma 3.1.3, we may assume that / G L[x]. 

There are eight cases. 

(bl) (5 = D 2n , n > 2. In this case [L : K] is equal to 1 or 2. If [L : K] = 1 there is 
nothing to prove so assume [L : K] = 2. So L = K(y/c) for some c G AT. 

Let r G r. By Lemma 3.1.2, if ip T : X — > T X is an isomorphism given by (M T , e T ), 
then the image of M T in PGL2(-F) is an element of N(<8d 2ti ) = <3_d 4 „- 1£ t\l = Id, 
then T *(t) = t so M T G (25 Dan . If r| L / Id, then r*(t) / t so M T G <25 D4n - <S D2n . 
Composing tp T with any automorphism of X gives another isomorphism X — ► T X, 
so any element in the same coset as M r in (25 £> 4n / o 2n will lift to an isomorphism 
X -> r AT. 

Choose 7 £ F satisfying 7 n = y^c. For cr G T define t/v by (x) i— ► If 
ct\l = Id, then is an n th root of unity. If ct\l ^ Id, then is a 2n t/l root 
of unity that is not an n th root of unity. So lifts to a map X — ► °X for all 
cr G r. The family {Vvlo-er satisfies Weil's cocycle condition and the point x = 
corresponds to a point P G C. 

(b2) (3 = D4. Let cr G V. In this case [L : K] is equal to 1, 2, 3, or 6. We first show that 
if 2 divides [L : K], then we may assume that there exists an element a G V such 
that cr*(t) = —t. So suppose that 2 divides [L : K] and let a G T be such that <t|l 
has order 2. As shown in the proof of Theorem 4.1.1(c), cr*(t) is equal to one of 
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the following: 



i. -t 



11. 



in. 



2f+12 
t-2 

2t-\2 
-t-2 ■ 



If cr*(t) = 2 ft 2 2 , then there is an isomorphism (M CT , e CT ) : X —> a X with equal 



to the image of 



in PGL 2 (F). Let T be the image of 



v 1 V 



z 1 



V 1 V 

in PGI^-F). Since T G iV((S,D 4 ) and since T° M a T~ l is given by the image in 
PGL 2 (F) of either 



or 



f t 



V 1 <V 

replacing f(x) with f( ~ ix ^ ) we may assume that er*(i) = —t. Similarly, if <r*(t) 
' replacing f(x) with /( ), we may assume that c*(t) = —t. 



-t-2 ' 



Case 1: [L : K] = 1. Clear. 
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Case 2: [L : K] = 2. Then L = K(\fc) for some c £ K. Choose j £ F so that 
7 2 = y/c. For <7 G T define ip a by (x) i— ► (^i). Then as in (b), each 
automorphism ip a lifts to an isomorphism X — ► CT X and the family {^Iggr 
satisfies Weil's cocycle condition. The point x = corresponds to a point 
P € C. 

Case 3: 3|[L : K]. Let Pi,...,Pk be the hyperelliptic branch points of X — > P . 

The group l£>£) 4 acting by linear transformation permutes these points. By 
Proposition 2.1 and Lemma 2.2 of [4], f(x) must be a scalar multiple of a 
polynomial of one of the forms: 

g(x),xg(x), (x 2 - l)g(x), (x 2 + l)g{x), (x 4 - l)g(x), 

x(x 2 — l)g(x),x(x 2 + l)g(x), or, x(x 4 — l)</(x), 

for some g(x) where 
/ 

g{x) := l[{x 4 + \ t x 2 + 1), Xi € F — {±2}, A, / Aj if i ± j. 

i=i 

Let a E T, suppose that g\l has order 3, and let ip a : X — > a X be an isomor- 
phism given by (M a ,e a ). By Lemmas 3.1.2 and 2.2.3, M CT G N(® D4 ) = <5 Si - 
Since (cx*) 3 (t) = t, E & Di . Note that 5 4 /-D 4 = S3. Replacing a with cr 2 
if necessary and composing (p a with an automorphism of X if necessary, by 
Lemma 2.2.3, we may assume that M a is given by the image in PGL2(i ? ) of 
the matrix 
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Then, writing cx(oo) = oo, the hyperelliptic branch points cr(Pi) ■ ■ ■ ct(Pk) of 
a X -> P 1 are 

%P\ + £ iPk + £ 

Pi - 1 ' " " " ' p k - r 

So if and oo are branch points of X — > P 1 , then £ and — i must be branch 
points of a X — > P 1 . In this case, since {<7 _1 (£), cr _1 (— £)} = {£,—£}, £ and — £ 
must also be branch points of X — > P . Then 1 and —1 must be branch points 
of both X and a X. It follows that if x\f(x), then x(x 4 — l)|/(x). Similarly, 
one can show that if x 2 ± l|/(a;) then x(x 4 — l)|/(x). 
So without any loss of generality we may assume that 

f(x) = g(x) or x(x 4 - l)g(x). 

If f(x) = x(x A — l)g(x), since deg(/) = 2g + 1 where g is the genus of X, g 
is even. By Theorem 4.1.1, X is definable over K. By Lemma 4.2.1, X has a 
-fT-model given by an equation of the form z 2 = h(x) where h S _fT[x]. 
Assume that f{x) = g(x) and let X' be the hyperelliptic curve over F given 
by z 2 = x(a; 4 — l)g(x). So the hyperelliptic branch points of X' — ► P 1 are 
Pi . . . Pfc, 0, oo, ±1, ±£. Let r G r. Suppose that (M T ,e T ) gives an isomor- 
phism X — ► T X. Suppose that 



a b 



By Lemmas 3.1.2 and 2.2.3, M T G N(D4) = &Si- The hyperelliptic branch 
points of a X — > P 1 are 

aPi + 6 aP fe + 6 
cPi+(i'"''cPfc + d' 
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Since oo and the roots of x(x 4 — 1) are permuted by any element of ©S4> 
it is easily verified that there exist A G F x such that (M T ,Xe T ) gives an 
isomorphism X' — > T X' . Similarly, given an isomorphism X' — > T X' given 
by {M' T ,e' T ), there exists A' G F x such that [M' T \'e' T ) gives an isomorphism 
X T X. 

By the above there exists a if-model Y of X' given by w 2 = r(x) with 
r G /f[x]. Let : A'->YxxFbean isomorphism given by (M, e). Suppose 
that 



M 



a p 



Define ^: P 1 -> P 1 by x ^ ^±f. Then for all a in T, lifts to 



an isomorphism X — > <J Af. By Lemma 3.1.5, X has a X- model given by an 
equation of the form z 2 = h(x) where h G if [a;]. 

(c) <8 = A4. The proof is identical to the proof of Case 1 and Case 2 of (b2). 

(d) (5 = S 4 . Clear since L = K. 

(e) © = A 5 . Clear since L = K. 

(f) (5 = Q->i3,a- By Theorem 4.1.1, X is definable over K. Let {(/vjo-er be a family 
of isomorphisms : X — > a X given by {(M a , e cr )} (76 r satisfying Weil's cocycle 
condition. Let Y be the corresponding /T-model of X. By Lemma 3.1.2 the 
induced automorphisms of P 1 , given by the images in PGL2(.F) of {M^u^y, fix 
P = 00. It follows that the function field K(Y) is a quadratic extension of K{x). 
By Kummer theory, Y is given by an equation of the form z 2 = h(x) with h G K [x]. 



so 



(g) = PSL 2 (F 9 ). The proof is identical to the proof of (bl). 

(h) (5 = PGL 2 (F 9 ). Clear since L = K. 



□ 
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Chapter 5 

Hyperelliptic curves not definable 
over their fields of moduli 

By Theorem 22 of [7], a curve of genus 2 denned over an algebraic closure F 
of a perfect field K of characteristic 2 can be defined over its field of moduli relative to 
F/K. So by Theorem 1.6.9, any curve of genus 2 over a field of characteristic 2 can be 
defined over its field of moduli. Let X be a hyperelliptic curve over a field K and let t 
be the hyperelliptic involution of X. By Theorem 4.1.2, and the results of [7], if X is not 
definable over its field of moduli then the characteristic of K is not 2 and Aut(X)/(i) is 
a cyclic group of order not equal to the characteristic of K. 

The first examples of curves not definable over their fields of moduli were dis- 
covered by Shimura. These curves are hyperelliptic C-curves with automorphism groups 
isomorphic to Z/2Z and are given on page 177 of [31]. 

The authors of [6] have attempted to classify all hyperelliptic C-curves with 
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fields of moduli R relative to C/R but not definable over R. Due to some errors in their 
paper, some curves are missing from their list and many curves on their list are, in fact, 
definable over R. We give the full and correct list in this section. 

Suppose n, m, r, s £ Z>o- Assume that 2nr > 5, and that sm is even. Assume 
also that if n is odd, then r is also odd. Let z c be the complex conjugate of z for any 
z € C. Suppose a±, . . . , a r , b±, . . . , b s G C. Consider the polynomials f(x),g(x) € C[x] 
given by 



f(x) :=i[(x n -ai)(x n + l/^), 
i=i 

s 

g(x) := x H( x ™- bl )(x m + im). 



Assume that f(x) and g{x) both have no repeated zeros and that both are not polyno- 
mials in R[x]. Assume that the map P \— > 1/P does not map the zero set of / into itself 
and does not map the set of nonzero zeros of g to itself. For any root of unity £ ^ 1, 
assume that 

and that 

Lastly, if n = 3 assume that the map 

P(V3 + 1) + 1 

does not map the zero set of / into itself, and if m = 3 assume that 1 + v3 is not a zero 
of g. 
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Remark 5.0.3. Here we discuss the errors in [6]. 

Due to an error in their paper on page 5, the curves isomorphic to those given 
by y 2 = f( x ) with n odd are missing. We describe their error here. Suppose g £ Z>i, 
n £ Z>o and that 7 := (g + l)/n is an integer. Define 

A := (d,xi, . . . , Xj, y \ d 2 x\X2 . ■ ■ x 7 y = 1, x 2 = 1, y n = 1). 

So in the notation of page 5 of [6], A has presentation (i). In the second to last paragraph 
of page 5 of [6] the authors state that there does not exist a surjective homomorphism 
9 : A — ► Z/4Z. This is false since if 7 and n are both odd a surjective homomorphism is 
given by 9(d) = 1, 9(xj) = 2n, 9(y) = 2n — 2. With an easy adjustment of their proof 
we can show the existence of such curves. 

Due to an error on page 10, the curves isomorphic to the curves given by 
y 2 = g(x) with m odd are missing. For m odd, the authors give equations of curves that 
are actually definable over BL These are curves given by equation (11) of [6] on page 10: 

s 

w 2 = z Y[{z m - di)(z m - (-l) m+1 /df) 
1=1 

s 

= zH(z m -d i )(z m -l/di) 
1=1 

with certain conditions on di, . . . , d s 6 C and where sm is even. Let Z be a hyperelliptic 
curve given by such an equation. Then the map [i defined by 

(z,w) 1 ► (l/z,e z w/z sm+1 ) 

where 

s 

e 2 z = l[d1/d l 
1 
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gives an isomorphism Z — ► C Z '. Note that \ez\ = 1, so we must have e^ez = 1. A 
computation shows that [i c [i = Id. Thus by Theorem 1.6.3, Z is definable over R. This 
error can be explained as follows. 

We follow the notation of [6]. On page 10, the authors assume that uj £ C is an 
element such that lo 2 = f m , where £ m is a primitive m th root of unity. They assume that 
their curve Z has an equation of the form w 2 = f(z) and they consider anticonformal 
automorphisms of the field C(w, z)/(w 2 — f(z)) and the anticonformal automorphisms 
induced by these on the field of meromorphic functions C(z) on the Riemann sphere. In 
particular, they state that the anticonformal map r: C(z) — > C(z) with r(i) = —i and 
t{z) = —1/(ujz) has no fixed points. Note that t 2 {z) = Q m z and that r 2 is conformal. 
By "fixed point" of r they mean an element of the form z' := ^frg , with a,b,c,d G C, 
such that the determinant of 

a 6 

V c 7 

is nonzero, and such that t(z') = z' . By Proposition 1 of [6], if an induced anticonformal 
map of the Riemann sphere of order 2 with fixed points exists, then the corresponding 
hyperelliptic curve can be defined over R. In writing their defining equation they make 
the assumption, although not explicitly stated, that u> m = — 1. So since m is odd, the 
element —1/lo is an m th root of unity. Composing r with an appropriate power of r 2 we 
get an anticonformal map r 2fc+1 of order 2 defined by T 2k+l (z) = l/z, T 2k+1 (i) = —i. 
Clearly the point ^fep is a fixed point. 

Our equations f(x) and g(x) are obtained in the same method as in [6]. For 
f(x), we follow the argument on page 7 but we use the anticonformal automorphism 
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t: C(z) — > C(z) defined by r(i) = — i and r(z) = l/(£2n-z), where C,2n is a primitive 2n th 
root of unity. For g(x), we follow the argument on page 10 but we use the anticonformal 
automorphism r: C(z) — ► C(z) defined by r(i) = — i and t(z) = l/(^2m z ); where £2™ 
is a primitive 2m ift root of unity. In both cases it can be verified that (r) contains no 
anticonformal automorphism of order 2. 

Lemma 5.0.4. Following the notation above, let X be the hyperelliptic curve over C 
given by y 2 = f(x) and let Y be the hyperelliptic curve over C given by y 2 = g(x). Let 
ix be the hyperelliptic involution of X and let by be the hyperelliptic involution of Y . 
Then Aut(X) 9* Z/2Z x Z/nZ and Aut(Y) ^ Z/2mZ. We have, 

Autpf)/(i X ) = %/nZ 

and 

Aut(y)/(iy) ^ Z/mZ. 
Furthermore, an isomorphism X — > C X is given by 

(x,y) 1 ^ (l/C2nX,e x y/x nr ) 

and an isomorphism Y — > °Y is given by 

(x,y) 1 ► (l/C 2m 2;,eyy/x sm+1 ), 

where C,2n is a primitive 2n th root of unity, (2m *s a primitive 2m th root of unity, 

r 

1 

and 

s 

e 2 Y = (l/( 2m )l[-bc/b l . 
1 
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Proof. It is clear that y 2 = f{x) and y 2 = g(x) give the equations of hyperelliptic curves. 
The claims about the automorphism groups follow from Lemma 3.1 and Corollary 3.2 
of [6]. Two very simple computations show that the maps above give isomorphisms 
X -> C X and Y -> <Y . □ 

Proposition 5.0.5. We follow the notation above. Let Z be a hyperelliptic curve over 
C with field of moduli M relative to C/K. Then Z is not definable over K if and only 
if Z is isomorphic to a curve given by an equation of the form y 2 = f(x) or y 2 = g{x) 
where f{x) and g{x) satisfy all of the conditions given above. 

Proof. This follows easily from the arguments given in [6] after fixing the errors of [6] 
mentioned in Remark 5.0.3. We note that it is also quite easy to show that Weil's cocycle 
condition of Theorem 1.6.3 cannot be satisfied in either case. □ 

Note that from Proposition 5.0.5, we can easily construct curves over Q(i) with 
fields of moduli equal to Q but not definable over Q. We simply need to take f{x) or 
g(x) in Q(i)[rc]. Let X be such a curve. Let Q be the algebraic closure of Q contained in 
C. It is easy to see that the field of moduli of X is Q. The curve X cannot be definable 
over Q because that would imply that the curve Xq is definable over M. 
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Chapter 6 



Plane curves definable over their 



fields of moduli 



6.1 Invariant forms 

Let F be an algebraically closed field of characteristic p / 2. Let f,g£ 
F[Xq, . . . ,X n -i] be two forms, i.e. two homogeneous polynomials. We define an equiv- 
alence relation on the set of forms by / ~ g if / = Xg for some A G -F x . Let [/] denote 
the equivalence class of /. Suppose 



M :-- 



an • • • ain 



a n ,i ■ ■ ■ O'r, 



G PGL n (F). 



We define a right action of PGL„(i ? ) on the set of equivalence classes of forms by 



([f(X , X n _i)])M = [f(auX + • • • + a ln X n 
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So ([f])MM' = (([/])M))M 7 for all M, M' £ PGL n (F). Let © be a subgroup of 
PGL n (F). We say that a form / is ©-invariant if ([/])M = [/] for all M £ (5. If 
P = [q : • • • : a n _i] £ P n " 1 (F), let M(P) denote the point 

[anao + • • • + a ln a n -\ : • • • : a n ia + . . . + a 

6.2 Invariant binary forms 

Let -F be an algebraically closed field of characteristic p ^ 2. Let / £ F[Xq, X\] 
be a binary form, i.e. a homogeneous polynomial in two variables. Let be a subgroup of 
PGL2(-F). If / is ©-invariant then ©, acting by linear transformation on P 1 (F), permutes 
the zero set of /, and given a finite 0-invariant subset of ¥ 1 (F), we can construct a 0- 
invariant form. We will call a ©-invariant form © -minimal if its zeros are given by the 
©-orbit of a single point and if each zero occurs with multiplicity 1. It is easy to see that 
a binary form is ©-invariant if and only if it is a product of ©-minimal forms. 

Lemma 6.2.1. Suppose that © is one of groups given in Lemma 2.2.1. Let P £ P 1 (F). 
Then the orbit of P under the action of © is of size |©| unless P is a zero of one of the 
following © -minimal forms. 

(a) © = ©c„, n> 1. 

Xo, X\ 

(b) © = © D2n ,n>l. 

\^ \r xrn \rn V7l I -\rn 
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(c) © = 0a 4 . 

X X l (X$ - Xf), Xl + 2i VsX^Xf + Xf, X$ - 2iV3X$Xf + Xf 

(d) (S = S4 . 

Xq 2 — 33X^Xf — 33X$Xf + X^ 2 , Xq + 14X$Xf + Xf , XoXi(Xq — Xf) 

(e) ® = <3a 5 - 

x x 1 (x™ + nxlxf-xl% 

-{Xl° + X 20 ) + 228(X 15 X 1 5 - X^Xl 5 ) - 494X 10 X L 10 , 
{X$° + Xf°) + 522(X^Xf - Xlxf) - 10005 (X^Xf + X^X\°) 

(f) & = <8(} :A . 
and if (3 / 1 

ncxo-oxi) 

fo) and ffrj © = PSL 2 (F,) or © = PGL 2 (F 9 ) 

(X* - XoX?- 1 ) 9 - 1 + Xf q - 1} , {XI - XoX*- 1 ^ 

Proof. The 0-minimal forms listed in parts (b)-(e) are called "Grundformen" by Weber 
in [35]. See §70 of [35] for a discussion of "Grundformen." See §71, §72, §73, and §76 
of [35] for the proofs of (a)-(e). 

Let P £ F 1 (F) and suppose that the orbit of P under the action of (55 contains 
less than |0| points. It follows that for some M e <$ - {Id}, M(P) = P. If M' £ (5, 
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then ((M')~ 1 MM , )((M')~ 1 (P)) = (M') _1 (P). So any element in (25 which is conjugate 
to M fixes a point in the orbit of P under the action of (25. 

We now prove part (f). A computation shows that any nonidentity element in 
&8A is conjugate to an element in the set 



where r is the multiplicative order of (3. An element of the form 

I3 k 

1 

fixes the points [1 : 0] and [0 : 1] . An element in of the form 

1 a 
1 

fixes the point [1: 0]. Our result follows. 

To prove parts (g) and (h), let ¥ q be an algebraic closure of ¥ q , let x = Xq/X± 
and note that (25 acts by fractional linear transformation on ¥ q (x). As shown in the proof 
of Theorem 4.1.1, the fixed field ¥ q (x) & of ¥ q (x) under the action of (25 is ¥ q (u), where 



with i = 1 if & = PSL 2 (F g ) and i = 2 if (25 = PGL 2 (F 9 ). 

The primes that ramify in ¥ q (x)/¥ q (u) correspond to the points of P 1 (i ? ) that 
have orbits of size less that |(25|. That is, if *}3 is a prime of ¥ q (u) that ramifies in ¥ q (x) 
with ramification index e, say 




< 




q3 = (n 1 ...a) e , 
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then the 0, correspond to the element of an orbit under the action of (3 that has r = |0|/e 
elements. By Theorem 1 of [33], ¥ q (u) has 2 primes that ramify in ¥ q (x) with ramification 
degrees \<&\/(q(q — 1)) and |U5|/(g + 1). These primes correspond to u = and u = oo 



6.3 Useful equations of hyper elliptic curves 

The following lemmas will be used to prove part of our main result for plane 

curves. 

Lemma 6.3.1. Let F be an algebraically closed field of characteristic not equal to 
2. Let (5 be a finite subgroup of PGL 2 (i ? ). Then (5 acts by fractional linear trans- 
formation on the field F(x). Using the notation of Lemma 2.2.1, suppose that © G 
{®D 2 „ i ®A 4) ®psl 2 (f 9 ) : n > !}• Then the subfield of F(x) fixed by the action of <3 is 
F(t) where 



respectively. Our result follows. 



□ 



1. 



t:=x n + x 



—it 



if<£> = ® D2n ,n> 1. 



2. 



t : = 



x 



12 



! - 33x 8 - 33x 4 + 1 
-x 10 + 2x e - x 2 



if<S = <8 A4 . 
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if® = PSL2(Fg ). 

Proof. This is shown in the proof of Theorem 4.1.1. □ 

Lemma 6.3.2. Let F be an algebraically closed field of characteristic not equal to 2. Let 
& be as in Lemma 6.3.1. Then 

y 2 = fa(x) 

gives the equation of a hyperelliptic curve X defined over F, with Aut(X)/(i) = ® where 
t is the hyperelliptic involution of X and 

1. 

f a (x) := x(x i - l)(x 4 - ax 2 + 1), a e F x - {±2} 

if® = ® Di . 

2. 

f a (x) := x 2n - ax n + 1, a G F x - {±2} 

if ® = ®D 2n ,n > 2. If n = 4, assume also that a ^ 14. Ifn = 3, assume also that 
a / ±^/^50. 

3. 

f a {x) := x 12 - 33x 8 - 33x 4 + 1 + a(x 10 - 2x 6 + x 2 ), a £ F x 
if ® = ®a 4 - If the characteristic of F is not 5, assume also that 

a / ±(22/5)(r 3 + 2r 2 - 5r - 1) 

where r is a zero of 

t 4 + 2t 3 - 6t 2 -2t + l. 



93 

I 

f a (x) := ((x q - xf- 1 + l) 2 ^ - a (xi - x)^ , a £ F x 
if<8 = ©PSL 2 (F 9 )- 

Proof. Let g a (Xo,Xi) be the homogenization of f a (x) with even degree. For example, 
if f a (x) := x(x 4 — l)(x 4 — ax 2 + 1), then let 

g a (X , Xi) := XqX^X* - Xf)(X* - aX 2 Xf + Xf). 

It can be deduced from Lemmas 6.3.1 and 6.2.1 that g a (Xo,Xi) is a squarefree 0- 
invariant form. Then f a (x) is squarefree and the equation 

V 2 = fa(x) 

gives the equation of a hyperelliptic curve X. 

Let i be the hyperelliptic involution of X. As discussed in Chapter 3, Aut(X) /(i) 
is given by a finite subgroup of PGL2(-F). Let S) = Aut(X) / (l) . Observe that Sj = 
Stab(g a ). From our choice of f a (%), it is clear that C Sj. We need to show & = Sj. 
There are four cases. 

1. = D4 . Suppose that C Sj. Then by Lemma 2.2.4(a), Sj = ®a 4 , Sj = ®s 4 , 
55 ^ As , £ ^ D 4n for some n > 1, 3 = PSL 2 (F g ) where q > 3, or Sj = PGL 2 (F g ) 
for some finite field ¥ q . 

A computation shows that g a is not &a 4 -invariant, so Sj / <5a 4 - 

By Lemma 6.2.1, if Sj = S4 then ^-minimal forms have degrees 6, 8, 12, or 24. So 
a product of f)-minimal forms can never have degree equal to 10. Since the degree 
of g a is 10, Sj ¥ S4. 
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If Sj = A$, then by Lemma 6.2.1, the degree of g a must be greater than or equal 
to 12. So since the degree of g a is 10, S) ^ A5. 

By Lemma 6.2.1, ^-minimal forms have degrees q + 1, g(g — 1), or (g 3 — <7)/2 if 
9) = PSL 2 (F 9 ) and have degrees q + 1, q(q - 1), or (q 3 - g) if £ ^ PGL 2 (F g ). Since 
the degree of g a is 10, one can show that the cases 9) = PSL2(F g ) where q > 3, 
and S) = PGL2(Fq) for odd q cannot occur. 

Assume that S) = D^ n with n > 1. Then there is an element A G fj of order 2n 
with A n equal to one of the elements of <5. A computation shows that for any 



M 



a 



G GL 2 (F), 



with M G <3s 4 the form (p Q (X , X\))M := g a (aX + fcXi, cX + dXi) is equal to 
\g a >(Xo, Xi) for some A G F x and 

, f 2q + 12 2a - 12 2a - 12 2a + 12 

a G s a, — a, , , , 

\ ' 'a-2'-a-2'a + 2'-a + 2 

Since all elements of order 2 in ©£> 4 are conjugate by an element of C5s 4 , after 
replacing g a with {g a )M := <? a > where M is an appropriate element of GL2(i ? ) 
such that M G ®s 4 , we may assume that 



-1 
1 



Since A is of order In and commutes with .A™, a computation shows that 



C 

1 
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where £ is a 2n th root of unity. It can be verified immediately that g a is not 
A-invariant, so we get a contradiction. 

Therefore Sj = &d 4 - 

2. (5 = (3d 2 „j n > 2. Suppose that © C fj. Then f) is given by one of the groups 
listed in Lemma 2.2.4(b)-(e). 

Since a ^ 0, it can be shown with a computation that Sj is not of the form &D 2n , 
for any n' > n. 

Suppose that Sj is isomorphic to PSL2(F g ) or PGL^Fg) where n\q— 1. By Lemma 6.2.1, 
^-minimal forms have degrees g + 1, q(q — 1), or (q 3 — q)/2 if = PSL2(F,j) and 
have degrees g + 1, g(g — 1), or (g 3 — g) if Sj = PGL2(F,j). Since g a is squarefree, the 
degree of g a is 2n, and since 2n is strictly less than q(q — 1), (g 3 — g)/2, and (g 3 — g), 
by Lemma 6.2.1 we must have 2ra = g + 1. Write g — 1 = nm, with m € Z + . Then 
n{2 — m) = 2. This is a contradiction since we are assuming that n > 2. 

By Lemma 2.2.4, the only possibilities left are: n = 3 and fj = £4 or Sj = A5, 
n = 4 and fj = 05 4 , or n = 5 and Sj = A5. 

If n = 4 and ,fj = (5s 4 , a direct computation shows that g a is ©5 4 -invariant if and 
only if a = 14. Since we are assuming a 7^ 14 when n = 4, g Q is not <3s 4 -invariant. 

If n = 5 and fj = A5, then by Lemma 6.2.1, any .^-invariant form has degree 
greater than or equal to 12. So we get a contradiction. 

Suppose that n = 3. Then g a has degree 6. By Lemma 6.2.1, it cannot be an Sj- 
invariant form if Sj = A5. Suppose that Sj = £4. The group ©£> 6 acts on F U {00} 
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by fractional linear transformation. The zeros of f a consist of the (5i) 6 -OTbit D of 
a point P. Write 

£> := {P,luP,oj 2 P,1/P,uj/P,lu 2 /P} 

where uj is a primitive cube root of unity. By Lemma 6.2.1, there is exactly one orbit 
0' := {0, oo, ±1, ±i} of F U {oo} under the action of (5s 4 of size 6. One can verify 
that for any element g E <3s 4 of order 3, there exists an element h E &a 4 C <3s 4 
of order 2 and P',Q' E £>' such that Q' = {P' , g(P'), g 2 (P'),Q' , g(Q'), g 2 {Q')}, 
h(P') = P', h(Q') = Q',h(g(P')) = g(Q'), and % 2 (P')) = 9 2 (Q')- 

Write 

and note that v has order 3. Since S) is conjugate to (5s 4 there exists M £ PGL2(.F) 
such that MfiM- 1 = <5 S4 - Let g = MvM" 1 G © 54 . We must have 

O' = {M{P),M(luP),M{lu 2 P),M(1/P),M{uj/P),M{lu 2 /P)} 

= {(M(P),g(M(P)),g 2 (M(P)),M(l/P),g(M(l/P)),g 2 (M(l/P))}. 

Let h E 0s 4 be an element of order 2 such that h(P') = P' , h(Q') = Q',h(g(P')) = 
g{Q'), and h(g 2 (P')) = g 2 (Q'), where P' = g i {M{P)) and Q' = gi(M(l/P)) 
for some i,j with < i,j < 2. Let n = M~ x hM G ^. Then u(u> l P) = lo 1 P, 
u{uji/P) = (J/P, u{uj i+l P) = uji +l /P, and u(w i+2 P) = uji +2 /P. Replacing P 
with lo 1 P, we may assume that u(P) = P, u(co k /P) = co k /P, u(u>P) = u> k+1 /P, 
and u(cu 2 P) = u k+2 /P, for some k with < k < 2. Any element of order 2 in 



uj 
1 
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PGL^i 7 ) is conjugate to the image of the matrix 



and so fixes exactly 2 points of F U {oo} and is the image of a matrix with trace 
0. Since u does not fix oo, u is the image in PGL^i 7 ) of a matrix of the form 

a o 



v 1 -v 



Write Q := u k /P. Solving 



and 



Q 



aP + b 
P-a 



aQ + b 



Q - a 

for a and 6 we see that u is the image in PGL^C) of 



v 1 



Since 



P+Q 



PQ 



(P _P+Q 



we have 



Q 2 + APQ + P 2 = 



Substituting Q = uj k /P, we obtain 



{P/w 2k f + A(P/uo' z y + 1 = 0. 



2fc\2 
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A computation shows that the resultant of 

f a (x) = x 6 - ax 3 + 1 

and 

x 4 + 4x 2 + 1 

is 

a 4 + 100a 2 + 2500. 
Since P/w 2k is a zero of f a , we must have 

a 4 + 100a 2 + 2500 = 0. 

It follows that a = izy/— 50. So we get a contradiction. 
Therefore Sj = <5 D 2n ■ 

3. © = © A4 . Suppose that (3 C £. Then by Lemma 2.2.4, Sj = S 4 , ©' ^ A 5 , 
0' PSL 2 (F g ), or & 9* PGL 2 (Fq) for some finite field ¥ q . 

Since a / 0, a computation shows that S) / <3s 4 . 

Suppose that fj = A$. Let 

r -1 

N:= 

1 r 

where r is a zero of t 4 + 2t 3 - Qt 2 + 1. A computation shows that A©a 4 A" 1 C &a 5 ■ 
By Lemma 2.2.1, there exists M £ PGL 2 (F) such that MSjM" 1 = & As . Since all 
subgroups of A§ isomorphic to A4 are conjugate in A§, we may assume without 
loss of generality that M©A 4 Af~ 1 = N&^N' 1 . So A _1 M is in N(<8 Ai ). By 
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Lemma 2.2.3, N(@ Ai ) = 0£ 4 . So M = NA, with A£<$ Si - By Lemma 6.2.1, any 
&a 5 -invariant form of degree 12 is a scalar multiple of 

fc(*o,*i) := XqX^X™ + llX 5 Xf + Xl°). 

Since M~ 1 (5a 5 M = fj, we must have 

([h])M = [g a ], 

and so 

{[h])M = {[h])NA = [g a ]. 

Then 

Since A -1 is in (£>s 4 , a computation shows that 

(bal)A- 1 = [g ±a ]. 
Another computation shows that 

([h])N=[ gf3 ], 

where 

/3 = 22/5(r 3 + 2r 2 -5r-l). 

This implies that a = ±22/5(r 3 + 2r 2 — 5r — 1), which is a contradiction by our 
choice of a. 

Suppose that fj is isomorphic to PSL2(F g ) or PGL2(F g ). By Lemma 6.2.1, $)- 
minimal forms have degrees q + l, q(q — 1), or (q 3 — q)/2 if = PSL2(F g ) and have 
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degrees q+1, q{q - 1), or (q 3 - q) if Sj = PGL 2 (F g ). As in Lemma 2.2.1, the & Ai 
case presumes that the characteristic of F is greater than 3. Then 

12e{q + l,q(q-l),(q 3 -q)/2,q 3 -q} 

implies that 12 = q + 1. So Sj must be isomorphic to PSL 2 (Fn) or PGL2(Fn). 

Using Magma, one can show that any subgroup of PGL 2 (Fii) isomorphic to is 
contained in a subgroup of PSL2(Fn) isomorphic to A5. It follows from the above 
argument showing Sj ^ A§, that we get a contradiction. 

Therefore, Sj = (3^4 • 

4. (5 = 0p SL2(F9) . Suppose that & C Sj. Then by Lemma 2.2.1, Sj ^ PSL 2 (F,/) or 
PGL2(F g ') for some q' . It is easily deduced that q\q' . Write q' = q r , r > 1. The 
degree of g a is (q 3 — q)/2. By Lemma 6.2.1, ^-minimal forms have degrees q r + 1, 
q r (q r - 1), or (q 3r - q r )/2 if Sj = PSL 2 (F 9 r) and have degrees q r + 1, q r {q r - 1), or 
(q 3r - q r ) if f) ^ PGL 2 (F g r). Since I = (q 3 - q)/2 with I G {q r + 1, q r (q r - 1), (g 3r - 
q r )/2, (q 3r — q r )} has no solution, we get a contradiction. 

Therefore, S) = <5 PS l 2 (f 9 )- 

□ 

6.4 The main result for plane curves 

Lemma 6.4.1. Let K be a perfect field, let F be an algebraic closure of K, and let 
T = Gal(F / K) . Let X be a smooth plane curve of degree d > 3 given by an equation 

f(X ,X 1 ,X 2 )=0 
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and defined over F with K as field of moduli relative to F/K . Suppose there exists 
i € {0, 1, 2} such that for all a £ T there exists an isomorphism X — > U X given by 



Xj ^ x 3 



for j £ {0, 1, 2} — {i}. Then X can be defined over K. 

Proof. After a permutation of coordinates, we may assume that for all a £ T, there 
exists an isomorphism X — > a X given by an element of the form 



1 
1 

e<7 



Write 



f(Xo,Xi,X 2 ) — ^ aifj(X , Xi)X 2 , 

i=0 

where, for < i < d, Oj G F x and fi(Xo,Xi) is a form of degree d — i. For all i with 
fiiX^XJ^O, write 



d—i 



j v d-i-j 



fi(Xo,Xi) :— ^ bjjXix* 

3=0 

Assume also that the aj were chosen in such a way that bij = 1 for some j. Let id be 
the greatest i £ {0, . . . ,d} such that a,ifi(Xo, XijX^ ^ 0. Then after multiplying / by 
l/di d we may assume that 

»d-i 

f(X ,X 1 ,X 2 ) = CiJi^XjX? + c i f i {X Q ,X x )Xl L 

i=0 

where q = ai/ai d for < i < id- 
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For each a G T, we have 

/PQjj^ij-^) = A CT / cr (X , Xi, £0-^2), 
for some A CT G F x . Since for each er G T 

f^o^i.e^) = e*(a(ciJ/£(X ,*iW + ^ er d a( Ci )/f (X ,X 1 )Xi 

i=0 

by our choice of the etj we must have /[(Xq, X±) = fi(Xo,Xi) for all i So since Cj d = 1, 
for each cr G T we must have A CT = e^ d . So for each a G T, cr(cj) = e l ^~ % Ci for all < i < 
with fi(Xo,Xi) 7^ 0. Let /i be the greatest common divisor of 

{id - i: < i < i d - 1 and / 4 (X , X x ) ± 0}. 

Then there exists c in the multiplicative group generated by 

{ci : < i < i d - 1 and /i(X 0j Xi) / 0} 

such that <t(c) = e^c for all u £ 1. Note that if £ is an h th root of unity then 
f(Xo, X±, (X2) = f(Xo,X\,X2). Let ^ be a primitive h th root of unity. So the el- 
ement 



A :-- 



1 
1 



a 

is an automorphism of X. Choose 7 £ F x so that 7^ = c. Then for all a G T we have 
a {l)/l = e aCh f° r some k G Z. For each <r G T define an isomorphism 92^ : X — > a X by 

1 
1 
cr( 7 )/7 
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Then it is easily verified that the family {^} ffe r satisfies Weil's cocycle condition of 
Theorem 1.6.3. So by Theorem 1.6.3, X is definable over K. □ 

Proposition 6.4.2. Let K be a perfect field of characteristic p ^ 2 and let F be an 

algebraic closure of K. Let X be a smooth plane curve of degree d > 3 defined over F. 
Suppose that Aut(X) := *i 3 is a group of the type given in Lemma 2.3.1 (r) or an 
intransitive group whose image in PGL2(-F) is not equal to one of the groups listed in 
Lemma 2.2.1(a) or (f) (so we allow = {Id}.) Then X can be defined over its field 
of moduli relative to the extension F/K. 

Proof. By Proposition 1.6.2, we may assume that K is the field of moduli of X relative 
to the extension F/K. By Corollary 1.6.6, we may assume that K is infinite. Let 
T = G&\(F/K). 

Fix an equation /(Xq, Xi, X2) = for X. Write 



/(Xp, Xi, Xi) = / J fi(Xp, Xi)X$ \ 



1=0 



where for 1 < i < d, fi(Xp, X\) is a form of degree i. Let A be in 3 C x J. Write 



A :-- 



a b 
c d 



1 

Then since A gives an automorphism of X, we must have 



fi(aX + bX 1 ,cX + dX^Xt* = A/(X , X 1 ,X 2 ) 



i=0 



for some A G F x . So we must have 



fi(aX + bXucXo + dX{) = \fi(X , Xi) 
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for all i. Since A is an arbitrary element of 3, it follows that for all i, fi(Xo,Xi) is an 
3-invariant form. 

The function field F{X) of X is given by F{x, z) with the relation f(x, 1, z) = 0. 
The inclusion F(x) F(x, z) corresponds to a map X -> F F . If A e J C <p A x a is an 
automorphism of X then A gives an automorphism of F{x, z) fixing F and the restriction 
of A to F(x) induces an automorphism of F(x), fixing F, given by the image A of A in 
PGL 2 (F). 

By Lemma 3.2.3(a) and (r), for all a E T there exists an isomorphism X — > a X 
given by M a G PGL3(i ? ) where M a is an element of an intransitive group 3' with 
M a S N(3), the normalizer of 3 in PGL2(-F). From now on, unless otherwise stated, 
when an isomorphism X — > a X is mentioned, we will assume that it is given by a lift to 
PGL 3 (F) of an element of TV (3). 

Suppose that M a gives an isomorphism X — > a X. Then M a induces an au- 
tomorphism of Fp given by the image M a of M a in PGL2(i ? ). We show that there 
exists [i S PGL^i 7 ) such that for all a G T, (fi~ 1 ) a fi £ PGL^i 7 ) lifts to an element of 
PGL3(F) that gives an isomorphism X — > a X. 

If 3 = ©5 4 , &Asj or PGL2(F g ) for some finite field ¥ q then by Lemma 2.2.3, 
N(3) = 3. So for all a 6 T, the identity lifts to an isomorphism X — > a X. So if 3 = &S41 
<&A 5 , or PGL2(Fg) for some finite field ¥ q , then we may take \x = Id. So assume <3 is 
in {0d 2 „ , <8 An PSL2(F g ) : n > 1}. Let t be as in Lemma 6.3.1. So the subfield of F(x) 
fixed by 3 acting by fractional linear transformation on F(x) is F(t). 

Then the inclusion F(t) ^ F(x,z) corresponds to a map p: X — > C, where 
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C is a curve of genus 0. An isomorphism ip a : X — > CT X given by M CT with M<j E AT(2f) 
induces an isomorphism (p a : C —> a C that makes the following diagram commute: 

X CT X 
P a 

C ► CT C 

For any cr E T, any two isomorphisms from X to a X, given by M a , M^, are equal up 
to multiplication by an element of 3. This implies that for each a E T there exists a 
unique isomorphism (p a : C — > a C making the above diagram commute. Then the family 
{ip T } T £r satisfy Weil's cocycle condition ip T a ip a = ip~ aT given in Theorem 1.6.3. Let B 
be the .FT-model associated with {(p T } T er and let ip: C — > Bp be an isomorphism such 
that (tp- 1 Y^ = ip a . 

It can be verified by the proof of Theorem 4.1.1 that B has a K-rational point. 
Since B has genus and since K is infinite, B has infinitely many rational points. As 
shown in Chapter 4, we have a homomorphism V — > Aut(F(t)/K) given by a i— ► a* 
where 

ct + a 

where ip a is given by 

at + b 

ti-> -. 

ct + d 

The curve B is the variety over K corresponding to the fixed field of V* = {o"*} CTg r- 

Since C = F F , we can identify C(F) with F U {oo}. Note that P E B(K) if 
and only if for all a E T, 

°{Q) = <p*(Q) = 
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where ip(Q) = P and ip a is given by 



at + b 



ct + d 

Let Q be a point of C{F) such that ip(Q) is a if-rational point of B, such that 
</v(Q) = Q if and only if <r*(t) = i, and such that y 2 = /q(x), where fq{x) is given in 
Lemma 6.3.2, gives the equation of a hyperelliptic curve Y with Aut(y)/(t) = 3. Then 
the function field of Y, F(Y) is a quadratic extension of F{x) and the function field 
of y/Aut(y) is equal to F(t). For all a E T, the curve °Y is given by the equation 



y 



f a {Q)- It is easily verified that if a is in V and if M a is in PGL3(i ? ) gives an 



isomorphism X — > a X, then M a G PGL2(-F) lifts to an isomorphism Y — > °Y. So K 
is the field of moduli of Y relative to the extension F/K. By Proposition 4.2.2, there 
exists [i € PGL2(-F) such that for all a £ T, (fi~ 1 ) a ^i lifts to an isomorphism Y — > °Y . 
By construction, (fi~ 1 ) r7 fi lifts to an isomorphism X — > 
Let 



M := 



a 6 
c d 



e PGL 3 (F) 



1 

be any lift of \x. So for each a £ T then there exists 



1 
1 



G PGL 3 (F) 



e a 

such that Efj(M~ l ) a M gives an isomorphism X — > U X. Let X' be the plane curve given 
by 

f(dX - bX u -cX + aXx, {ad - bc)X 2 ) = 0, 
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so M gives an isomorphism X — ► X'. So for each u G T, 

M u (E a {M~ l ) a M)M~ l = E a 

gives an isomorphism X' — > a X' . 

By Lemma 6.4.1, X' can be defined over K. Therefore, X can be defined over 
K. □ 

Lemma 6.4.3. Let K be a perfect field of characteristic p / 2, let F be an algebraic 
closure of K, and let V = Gal(F/K). Let X be a smooth plane curve of degree d > 3 
defined over F. Suppose that Aut(X) is given by a group listed in Lemma 2.3.7. 
Suppose that for all a G T, <5 a = <S, the normalizer N(&) of © in PGL3(F) is of the 
form U5 x ft for some subgroup ft C PGLs(F), and that fj = ff for all a G T. Then X 
can be defined over its field of moduli relative to the extension F/K . 

Proof By Proposition 1.6.2, we may assume that K is the field of moduli of X relative 
to the extension F/K. By Lemma 3.2.2, for all a G T any isomorphism X — ► a X is 
given by an element of iV((55) = © x fj. Since any two isomorphisms are equal up to 
composition with an element of Aut(X), for each a G T there is exactly one element of 
Sj that gives an isomorphism X — > a X. 

For each a G T, let f„ be the isomorphism X — > a X given by an element of Sj. 
Since 9f = 9) for all a G T, we must have 

fa fr fra 

for all a, r G T. 
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So the family {f a }a£T satisfies Weil's cocycle condition given in Theorem 1.6.3. 
By Theorem 1.6.3, X can be defined over K. □ 

Proposition 6.4.4. Let K be a perfect field of characteristic p / 2 and let F be an 

algebraic closure of K. Let X be a smooth plane curve of degree d > 3 defined over F. 
Suppose that Aut(X) is a group of the type £ given in Lemma 2.3.7(b). Then X can be 
defined over its field of moduli relative to the extension F/K. 

Proof. By Proposition 1.6.2, we may assume that K is the field of moduli of X relative 
to the extension F/K. Let T = Ga\(F/K). Let © := Aut(X). We follow the notation 
used in Lemma 2.3.8. There are three cases. 

i. Suppose © = ©9. By Lemma 3.2.3, for all u G T, any isomorphism X — > U X is 
given by an element of N(<5 9 ). By Lemma 2.3.8, iV(© 9 ) = ©9 x {US 2 ,V). One 
can verify that for all u G T, {US 2 , V) = {US 2 , V) a . So by Lemma 6.4.3, X can 
be defined over K. 

ii. Suppose 5 mj i G fj and ft / {83,2}- By Lemma 3.2.3 and Lemma 2.3.8, for all 
<t G r, any isomorphism X — > a X is given by an element of N{<5) C (©, R, Ssm^)- 
Suppose that [1: 0: 0] is in X(F). Since © is normal in iV(©), every element of 
iV(©) can be written as an element of © times an element of {R,S3 mt 2). Any 
element of (R, 5 3m , 2 ) fixes [1: 0: 0]. For all a G T we have Aut( CT A) = © CT = ©. 
Thus for all a G T, any isomorphism X — > a X maps the point [1: 0: 0] into the 
Aut( CT A)-orbit of [1: 0: 0]. So if the point [1: 0: 0] is in X(F), it will map to a 
rational point of the canonical .fT-model of Xj Aut(A) given in Theorem 1.6.5. So 
in this case, by Corollary 1.6.8, X can be defined over K. 
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From now on we assume that [1: 0: 0] is not in X(F). Recall that 





C 3 m 







1 







1 








Ssm,2 — 


C 3 m 


, T = 








1 


, and R = 








1 




1 




1 













1 






where T G © and C3m is a primitive (3m) th root of unity where m = 3 l with I > 0. 
Define 



1 







3m 







S:=TRS 3m , 2 (TR)- 1 = o (. 

C3mj 

So N((S) C (0,i?,5 3m , 2 ) = (&,R,S). We have R 2 = Id, S 3 G 0, and RSRT 1 = 
S , so we have a surjection ^3 — ► ((5, i?, 5*)/©, where 5 3 is the symmetric group on 
3 letters. This surjection is an isomorphism, since every nontrivial normal subgroup 
of contains A3, but 5 0. It follows that for any a G T, an isomorphism 
X — ► °X is given by S s R r , for some s and i with < s < 2 and < r < 1. 
Furthermore, it follows that for < si,S2 < 2 and < r±,r2 < 1 the element 
(S Sl i? ri )~ 1 S S2 R T2 is an automorphism of X if and only if s\ = S2 and r\ = 
Thus s and r are uniquely determined by a. 

Fix an equation 

f(X ,X 1 ,X 2 ) = 

for X. Since [1 : 0: 0] is not in X(F), after multiplying /(Xq, X\, X 2 ) by an element 
of F x we may assume that 



f(x ,x 1 ,x 2 ) = x$ + Yl h(Xi,X 2 )X [ 



0) 



i=0 
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where X2) is a form of degree d — i. For all i, write 

d—i 



j=0 



d-i-j 
2 



Since the elements 



1 

Cm 

1 



and A 2 :- 



1 
1 

Cm 



are automorphisms of X, for all i,j with bij 7^ 0, we must have j = (mod m) 
and d — i — j = (mod m). Since S is not an isomorphism of X, there exists 
«i and ji such that 6^ j t 7^ and such that 2ji + — d ^ (mod 3m). Let 
a = bi 1 j 1 and let b = b il ^_ il _j 1 y Note that since 2j\ + i± — d = (mod m), we 



have (C ; 



2ji+ti-cf\3 
3m / 



1 and since 2j\ + i± — d ^ (mod 3m) we have C; 



2j'i+ii— d 
3m 



/I- 



So C^ 1 is a primitive cube root of unity. Note that 



J2{d-ii-j!)-d+ii) _ *-(2ji-d+ii) 
^3m ^>3m 



Suppose that a 3 = 6 3 , say 6 = Loa where a; 3 = 1. It is shown in the proof of 
Lemma 2.3.8(b) that S^ m>2 £ N(&). So 5 £ N(&). If necessary, after replacing 
f(X ,Xi,X 2 ) with /(X ,C3 m ^i,C3~m^2) with an appropriate n <E {1,2}, we may 
assume that if a = b. 

Fix a G r and suppose an isomorphism X — ► °X is given by S s R r , where < s < 2 
and < r < 1. 

We have 



nx ,x 1 ,x 2 ) = x a f(x , (d m ) ( - 1)r x r+1 , (c 3 - m ) ( " 1)r x 2 - r ) 



Ill 



for some A CT E F x . Since 

f(x , (ci m ) ( - 1)r x r+ll (c 3 -;j^ 1)r x 2 _ r ) 

d-l 

we must have X a = 1. So 

d-l 

*i,*a) = ^ + ^/ i ((CU ( - ir ^+ 1 , (C3^) ( - ir ^2-.)^ 

i=0 

For all i, we have 

/f (jr 1( x 2 ) = E(c£ J_d+0 ) ( - 1)r ^^ + i^-r ■ 



If r = 0, we have 



and 



If r = 1 then 



and 



j=0 



There are three cases to consider. 

Suppose that a 3 = b 3 . As shown earlier, we have a = b. Since d+n ^ i s a 

primitive cube root of unity, we must have s = 0. Since a is arbitrary, this implies 
that any isomorphism X — > T X with r G T is given by an element of (i?). For r G T 
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define ip T by R if T X 7^ X and by R 2 = Id if T X = X. The family {^ r } Te r satisfies 
Weil's cocycle condition of Theorem 1.6.3. So by Theorem 1.6.3, X is definable 
over K. 

Now suppose that a 3 ^ b 3 and that 6/0. Write 2ji — d + i\ = 3 l u where u G Z 
and (u, 3) = 1. Choose a,/3 e F such that a 3 ' = a" and /3 3 ' = 6". If r = 0, then 



and 



It follows that 4£ = (C3m) 3q2 C! m and ^ = (C 3 m) 3<Zl C 3 m for some g 1)(?2 G Z. 



If r = 1, then 



and 



It follows that 4®. = (C3m) 3pi C 3 m and ^ = (C3m) 3p2 CIm for some Pl ,p 2 G 
Recall that j4i, A 2 G C5. For some ai, a 2 G Z, we have 



n cr(g 3 )-fe 3 o-(/3) g-(a 3 )-a 3 cr(/3) 
U a 3 -fe 3 /3 b 3 -a 3 a 

o-(fr 3 )-fr 3 o-(b 3 )-a 3 o-(a) 
U a 3 -b 3 /3 fe 3 -a 3 a 
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For each r G T, define by 

1 

n ^(" 3 )-fr 3 r(a 3 )-a 3 r(/3) 

U a 3 -b 3 /9 b 3 -a 3 a 

T(fe 3 )-fe 3 t(<*) r(b 3 )-a 3 r(a) 
_ a 3 -6 3 /9 6 3 -a 3 a 

Then for each r G T, yj T is an isomorphism X — ► r X. It can be verified that family 
{<^ T } Tgr satisfies Weil's cocycle condition of Theorem 1.6.3. So by Theorem 1.6.3, 
X is definable over K. 

Now assume that 6 = 0. Since o ^ 0, we must have r = 0. Since a is arbitrary, this 
implies that any isomorphism X — ► r X with r G T is given by S" 5 ' where < s' < 2. 
Let a be defined as in the case where a 3 ^ 6 3 and b ^ 0. For some 01,02 £ Zwe 
have 



1 











a 





°"(") 








a 



For each r G T, define y? T by 

1 

r(a) 

itel 

Then </? T gives an isomorphism X — > T X and it can be verified that family {i^ T } r6 r 
satisfies Weil's cocycle condition of Theorem 1.6.3. So by Theorem 1.6.3, X is 
definable over K. 

iii. Suppose S m ^i g" fj and fj / (£3,2)- By Lemma 3.2.3 and Lemma 2.3.8, for all a G T, 
any isomorphism X — > °X is given by an element of N(<3) C ((£>, i?, 5 m ,i). Suppose 
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that [1: 0: 0] is in X{F). Then for all a S T, any isomorphism X — > a X maps the 
point [1:0:0] into the Aut( CT A)-orbit of [1: 0: 0]. So if the point [1: 0: 0] is in 
X(F), it will correspond to a rational point of the canonical AT-model of X/ Aut(X) 
given in Theorem 1.6.5. So in this case, by Corollary 1.6.8, X can be defined over 
K. 

From now on we assume that [1: 0: 0] is not in X(F). Fix an equation 

f(X ,X 1 ,X 2 ) = 
for X. Let Y be the smooth plane curve defined over F given by 

f{X ,-X 1 + X 2 ,X 1 + X 2 ) = 0. 



So an isomorphism X — > Y is given by 



M :-- 



1 
-1/2 1/2 
1/2 1/2 

and Aut(y) is given by M0Af _1 . It is enough to show that Y is definable over K. 
We see that [1 : 0: 0] is not in Y{F). 

For all a € T, if E a € PGL^i 7 ) gives an isomorphism X — > a X then 



M a E rr M~ 1 = MErcM~ x 



gives an isomorphism Y — ► °Y. For any a E T there exists an isomorphism A — ► CT A 
given by S^ ll R r with < s < 2 and < r < 1. A computation shows that 
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MS mt \M 1 = S m \ and another computation shows that MRM 1 = D where 



10 
1 ■= -1 
1 

So for any a G T there exists an isomorphism Y — ► °Y given by 1 D r with 
< s < 2 and < r < 1. Furthermore, it is easily verified that for < si, s 2 < 2 
and < ri,r2 < 1 the element 1 Z) ri ) _1 5^ 1 D r2 gives and automorphism of Y 
if and only if s\ = s 2 and r\ = r 2 . Thus s and r are uniquely determined by a. 

Let g(X ,X 1 ,X 2 ) := /(X , -X x + X 2 ,X 1 + X 2 ). After multiplying g(X ,X 1 ,X 2 ) 
by an element of F x , we may assume that 

<?(X , Xi, X 2 ) = X d + a i9i (Xi, X 2 )Xl 

i=0 

where, for 1 < i < d, cti is in F x and gi(Xi, X 2 ) is a form of degree d — i. For all 
i, write 

d—i 
3=0 

Assume also that the en are chosen in such a way that b^j = 1 for some j with j 
odd if possible. Note that this is possible when gi(X\,X 2 ) / gi{—X\ : X 2 ). Since 
R is not an automorphism of X, D = MRM is not an automorphism of X\, so 
this is possible for at least one gi. Also note that aigi(Xo, X±) = if and only if 
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Recall that 



Sm,l 



Cm 

1 



1 

where ( m is a primitive (3 l ) th root of unity with I > and that 1 is in C5. Since 
MS^ 1 M~ 1 = S^ nl , the element Sf nl gives an automorphism of Y. Also, since 
S m> \ does not give an automorphism of X, MS m> iM~ l = S m> \ does not give an 
automorphism of Y. 

Fix a 6 r and suppose an isomorphism Y — > °Y is given by 1 D r , with < s < 2 
and < r < 1. We have 

ff ff (X 0) Xi,l2) = Xa9(Q s X ,(-l) r X u X 2 ) 
for some A CT E F x . Since 

we must have A CT = C m sd - So 

<f (X ,Xi,X 2 ) = x d + E(-i) lt c (d - j) «^(^i,^ 2 )^ 

where 



i=0 



i=0 



*t = S 



0, if 5i ((-irx 1 ,^ 2 )= ffi (x 1 ,x 2 ) 

1, ifg i ((-l) r X 1 ,X 2 )^g i (X 1 ,X 2 ). 

Then we must have <x(cii) = (— l)*'Cm d ^Oj- Note that since S 1 ^ 1 gives an auto- 
morphism of X, (Cm) ^ = 1 f° r an * with Oj 0. Since S m> i does not give an 
automorphism of 1", we can choose i± so that ai x ^ and so that C m _n * s a primitive 
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cube root of unity. So we can write d — i\ = 3 l ~ l u where u £ Z>o and (u, 3) = 1. 
Choose aGfso that a 3 ' 1 = af^ . Note that our choice of a is independent of a. 
Then 



s3 i_1 \4ii 2 



a 



Sm ux 



Z-l oi-l 



^T' ) = (Cm) 3 ' \ we must have = CmCCm) 9 f° r some q £ Z. Choose 



«2 so that aj 2 7^ and so that ft 2 (— X±,X2) ^ gi 2 (Xi, X2). Let /? = a 3 2 . Note that 
our choice of /3 is independent of a. Then = (— l) r . Thus there exists q £ Z 



so that 







U (/3) U 



1 



Note that (S^y £ Aut(Y). 



For all t £ V define an isomorphism X — > T X by 



T ( a ) 







n iM. 

U (/3) U 

1 



The family {(£> T }rer satisfies Weil's cocycle condition of Theorem 1.6.3. So by 
Theorem 1.6.3, Y is definable over K. 

□ 



Proposition 6.4.5. Let K be a perfect field of characteristic p 7^ 2 and Ze£ i 7 be an 

algebraic closure of K. Let X be a smooth plane curve of degree d > 3 defined over 
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F. Suppose that Aut(X) is a group of the type D given in Lemma 2.3.7(c) and that 
Aut(X) is not given by ©is- Then X can be defined over its field of moduli relative to 
the extension F/K . 

Proof. By Proposition 1.6.2, we may assume that K is the field of moduli of X relative 
to the extension F/K. Let T = Ga\(F/K). Let := Aut(X). We follow the notation 
used in Lemma 2.3.8. There are two cases. 

ii Suppose S m ^ G Sj and fj / (£3,2)- Since our argument is so similar the argu- 
ment shown in the proof of Proposition 6.4.4 ii, we omit some details. Suppose 
that [1: 0: 0] is in X(F). By Lemma 3.2.3 and Lemma 2.3.8, for all a G T, any 
isomorphism X — > a X is given by an element of N(<&) C ((8,53^2)- Since <3 is 
normal in N(&), every element of iV(<5) can be written as an element of & times 
an element of (S^m^)- Any element of (Ssm^) fixes [1: 0: 0]. For all a £ T we have 
Aut(°X) = <& a = <3. Thus for all a € T, any isomorphism X — > a X maps the point 
[1:0:0] into the Aut(°X)-orbit of [1: 0: 0]. So if the point [1: 0: 0] is in X(F), 
it will map to a rational point of the canonical X-model of X/ Aut(X) given in 
Theorem 1.6.5. So in this case, by Corollary 1.6.8, X can be defined over K. 

From now on assume that [1: 0: 0] is not in X(F). Let S := TRS^m^iTR) -1 . So 
N(<8) C {<5,S 3m ,2) = {®,S). We have Z/3Z ^ (<3,S)/{S), so for all a G T an 
isomorphism X — > a X is given by an element of the form S s with < s < 2. It 
is easy to see that an element a E V uniquely determines s G {0,1,2}. Fix an 
equation 

f(X ,X u X 2 ) = 
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for X. Since [1 : 0: 0] is not in X(F), after multiplying f(Xo, Xi,X 2 ) by an element 
of F x we may assume that 



i-l 



f(X ,X 1 ,X 2 ) =x$ + Y, fi(X u X 2 )X { 



i=0 



where fi(X±, X 2 ) is a form of degree d — i. For all i, write 



d—i 



fi{Xi,X 2 ) :— ^ bj,jX{X. 
3=0 



j yd-i-j 



Since the elements A\ and A 2 in the proof of Lemma 6.4.4 ii are automorphisms of 
X, for all i,j with bij ^ 0, we must have j = (mod m) and d—i—j = (mod m). 
Since S is not an automorphism of X, there exists i\ and ji such that b^ j 1 ^ 
and such that 2ji + i\ — d ^ (mod 3m). Let a = bi l j 1 . Write 2j% + i\ — d = mu 
where uE2 and (it, 3) = 1. Choose a £ F such that a m = a u . For each a £ T, 
define ip a by 

1 



-S4 









Then tp a gives an isomorphism X — ► °X and it can be verified that family {(^crjo-gr 
satisfies Weil's cocycle condition of Theorem 1.6.3. So by Theorem 1.6.3, X is 
definable over K. 

iii Suppose S m ^\ Sj and fj 7^ (£3, 2)- Then by Lemma 3.2.2, any isomorphism 
X -» a X is given by an element of N {<£>). By Lemma 2.3.8, N(&) C (<5, 5 m ,i). By 
Lemma 6.4.1, X is definable over .ff. 



□ 
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Proposition 6.4.6. Let K be a perfect field of characteristic p > 2 and let F be an 

algebraic closure of K. Let X be a smooth plane curve of degree d > 3 defined over F. 
Suppose that Aut(X) is given by the group £5psL 2 (<?) of Lemma 2.3.7(n). Then X can be 
defined over its field of moduli relative to the extension F/K. 

Proof. By Proposition 1.6.2, we may assume that K is the field of moduli of X relative 
to the extension F/K. Let V := G&\(F/K). By Lemmas 3.2.2 and 2.3.8, for all a G Y 
any isomorphism X — > a X is given by an element of 

N(<5) = <8 PGL2(q) = (<3 PSL2iq) ,M) 

where 



M : = 



a 2 











a 











1 



for any a € ¥ q that is not a square. If —1 is not a square then we may take a := — 1. In 
this case X can be defined over K by Lemma 6.4.1, or by Lemma 6.4.3. So assume that 
— 1 is a square in ¥ q . Since [<SpGL 2 (g) : ( SpsL 2 (g)] = 2, and since if a is not a square in ¥ q 
and if a is in T then o~(a) is also not a square, the subgroup 

A : = { a e T: X = a X] 

is a normal subgroup of Y and \F: A] < 2. 

If [r: A] = 1 there is nothing to prove so assume that [r: A] =2. Let L := F^ 
be the subfield of F fixed by A. Then there exists c G L — K with c 2 G K and we have 
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L = K(c). For any a E T we have 



a(c) = < 



, if o\l = Id 
-c, if a\i 7^ Id. 

Let a be in F g and suppose that a is not a square in F g . Let n be the smallest integer 
such that a n = 1. Replacing a with —a if necessary, we may assume that n is even. 
Choose 7 £ F with 7 n / 2 = c. Let <r be in T. Then cr(j) = a k j for some k. If X = a X, 
then <r(c) = c and so (a fc ) 2 = 1. Since n is the smallest integer such that a n = 1, we 
must have Tp = (mod re). It follows that 2 | A; and so a fc is a square in F g and so 












^(7) 







7 

1 



gives an automorphism of X. Similarly, if X 7^ °X, then ct(c) = — c and so (a fc ) 2 = —1. 
Since n is the smallest integer such that a n = 1, we must have 2 { A; and so a fc is not a 
square in ¥ q and 



*(7)y 














7 

1 



gives an isomorphism X — > 

Then for each a G T the map </v given by 
















7 

1 
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gives an isomorphism X — ► a X. The family {^j^r satisfies Weil's cocycle condition of 
Theorem 1.6.3. So by Theorem 1.6.3, X is definable over K. □ 

Proposition 6.4.7. Let K be a perfect field of characteristic 5 and let F be an algebraic 
closure of K. Let X be a smooth plane curve of degree d > 3 defined over F. Suppose 
that Aut(X) is given by the group &a 6 of Lemma 2.3.7(p). Then X can be defined over 
its field of moduli relative to the extension F/K. 

Proof. By Proposition 1.6.2, we may assume that K is the field of moduli of X relative 
to the extension F/K. Let V := G&l(F/K). By Lemmas 3.2.2 and 2.3. 7(p), for all a G T 
any isomorphism X — > a X is given by an element of N(&a 6 ) = (®A 6 ; U) where 



U :-- 



1 

a a 
a —a 



and where a 2 = 2. By Lemma 2.3.7, [N(&a 6 ) - <£>A e ] = 2. 
Define 

A := {a <E T : X = a X}. 

Since U 2 gives an automorphism of X we must have [r: A] < 2. So A must be a normal 
subgroup of r. If [r: A] = 1, then clearly X is definable over its field of moduli. So 
assume [V: A] = 2. Let L := F A be the subfield of F fixed by A. Write L = K(yfc) with 
c 6 K x — (K x ) 2 . There are three cases. 

Case I: a G K. Choose 7 G -F x with 7 4 = c. Then K{^) is the splitting field of the 
polynomial x 4 — c = (x — 7) (a: — 27) (x — 47) (x — 37) over K. Suppose a G T and 
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suppose that cr\xM '■= cr generates Gal(K (7) / 'K) , say 

a (7) = 27. 

For each r G T the map </? T given by U % if t|^-( 7 ) = a 1 , gives an isomorphism 
X — > T X. Since is defined over if for all i, and since C/ has order 4, it is easily 
verified that the family {<f a }aer satisfies Weil's cocycle condition of Theorem 1.6.3. 
So by Theorem 1.6.3, X is definable over K. 

Case II: L = K(a). For each a G T the map 930- given by 

U, iia\ L ^Id 
Id, if (t\l = Id 
gives an isomorphism X — > a X. Note that 

17-1, if<7| L //d 

u a = < 

[/, ifCT|i = Jd 

From this, it is clear that the family {(p a } a£ Y satisfies Weil's cocycle condition of 
Theorem 1.6.3. So by Theorem 1.6.3, X is definable over K. 

Case III: a L. Choose 7 £ i ?x with 7 4 = c. Then if (7, a) is the splitting field of the 
polynomials 

x A — c and x 2 — 2 
over K. Kummer theory shows that Gal(-ftT(7, a)/K) = (cf, r) where 

^(7) = 2 7, ^(a) = a, 



and 



r(7) = 7, t(q) = —a. 
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The elements r and a satisfy the relations 



a A = r 2 =Id 



and 



t a = a t. 



Following the notation of Lemma 2.3.7(p), let 



Q ■- VTV 



1 
0-10 
1 



Note that U~ l = U' i = QUQ' 1 , and that Q 2 = Id. Note also that if u is in T and 
u(a) = -a then U" = U' 1 . 



For all w G T define <p u : X -> W X, by 



(u i ) rJ Q j 



if 



where < i < 3 and < j < 1. 



Let u>i and ui2 be in T and suppose that 



wiU( 7 , Q ) = a % t j , 



and 



£ ; 
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where < i, k < 3 and < j, I < 1. Then 



is given by 



{{u i y i Q j T 2 {u k y 1 Q l 



[(uYQ j u k Q l V l 



^jjiyJjjkQj+l 

(U i ) TJ U- k Qi +l 



if j = 
, if J = 1 



= ([/ i+fc )~ J+ V +i 
which equals the isomorphism <fui 2 ^i ■ 

So the family {c/? w } w er satisfies Weil's cocycle condition of Theorem 1.6.3. So by 
Theorem 1.6.3, X is definable over K. 

□ 

Theorem 6.4.8. Let K be a perfect field of characteristic p where p = or p > 2 and 

Ze£ i 7 6e an algebraic closure of K . Let X be a smooth plane curve of degree d > 3 over 
F. Suppose that Aut(X) is not VGL-^F)- conjugate to a diagonal subgroup o/PGLs(F) 
or to one of the groups ©is, ©36? or a group given by Lemma 2.3.1 (s). Then X can be 
defined over its field of moduli relative to the extension F/K. 

Proof. By Proposition 1.6.2, we may assume that K is the field of moduli of X relative 
to the extension F/K. Let & := Aut(X). By Lemma 2.3.7, we may assume that <3 is 
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one of the groups in Lemma 2.3.7 that is not a diagonal group, ©is, ©36) or a group given 
by Lemma 2.3.7(s). Let T := Ga\(F/K). We follow the notation of Lemma 2.3.7. There 
are seventeen cases. 

(a) © is an intransitive group whose image © in PGL2(i ? ) is equal to one of the groups 
in Lemma 2.2.1 Case I (b)-(e). Then X is definable over K by Proposition 6.4.2. 

(b) © is a group of type <£. Then X is definable over K by Proposition 6.4.4. 

(c) © ^ ©is and © is a group of type D. Then X is definable over K by Proposi- 
tion 6.4.5. 

(e) © = © 72 . It is easily verified that <5j 2 = © 72 for all a G T. By Lemma 2.3.8, 
N(<5 72 ) = ©72 x (U). Since U a = U for all a G T, by Proposition 6.4.3, X is 
definable over ET. 

(f) (5 = ©216- It is easily verified that ©216 = ©216 for all a £ T. By Lemma 2.3.8, 
-^"(©216) = ©216- By Proposition 6.4.3, X is definable over K. 

(g) © = © 60 . It is easily verified that ©g = <S 60 for all a G T. By Lemma 2.3.8, 
iV(U56o) = ©60- By Proposition 6.4.3, X is definable over K. 

(h) (5 = ©360- By Lemma 3.2.3, any isomorphism X — ► °~X, with a G T is given by an 
element of the form 

A 
10> 
1 

where A G {1, A2}. So by Lemma 6.4.1, X is definable over K. 
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(i) (5 = ©168- It is easily verified that <Sf 68 = (5i68 for all a G T. By Lemma 2.3.8, 
N(<5\qs) = ©168- By Proposition 6.4.3, X is definable over K. 

(j) (5 = PSL 3 (F g ). It is easily verified that (PSL 3 (F,))" = PSL 3 (F g ) for all a G T. By 
Lemma 2.3.8, iV(PSL 3 (F 9 )) = (PSL 3 (F g ), M), where 



M :-- 



a 
1 
1 



with a = 1 if q 1 (mod 3) and with a G (F g ) 3 - F 9 if q = 1 (mod 3). By 
Lemma 3.2.2, if a G T, any isomorphism X — > a X is given by an element of 
A r (PSL 3 (Fq)). So by Lemma 6.4.1, X is definable over K. 

(k) (5 = PGL 3 (F g ). It is easily verified that (PGL 3 (F 9 )) ,T = PGL 3 (F g ) for all a G V. 
By Lemma 2.3.8, iV(PGL 3 (F g )) = PGL 3 (F 9 ). So by Lemma 6.4.3, X is definable 
over K. 

(1) = PSU 3 (F 9 ). It is easily verified that (PSU 3 (F g )) ff = PSU 3 (F (? ) for all a G T. 
By Lemma 2.3.8, iV(PSU 3 (F g )) = (PSU 3 (F g ), M), where 



M :-- 



a 
1 



1 

with a = 1 if q = (mod 3), with a G (F g ) 3 — ¥ q if q = 1 (mod 3), and with a G 
(F f; 2) <?_1 — F^ 9 ^ if q = 2 (mod 3). By Lemma 3.2.2, if <r G T, any isomorphism 
X — > a X is given by an element of A r (PSU 3 (F g )). So by Lemma 6.4.1, X is definable 
over K. 
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(m) = PGU 3 (F,). It is easily verified that (PGU 3 (F g )) a = PGU 3 (F 9 ) for all a G T. 
By Lemma 2.3.8, iV(PGU 3 (F g )) = PGU 3 (F g ). So by Lemma 6.4.3, X is definable 
over K. 

(n) = (SpsL 2 (g)- By Proposition 6.4.6, X can be denned over K. 

(o) = ©pgl 2 ( 9 )- It is easily verified that (0pgl 2 (< ? ))' 7 = ®pgl 2 (<?) for all a G T. By 
Lemma 2.3.8, N(&p GL2 ^) = 0pgl 2 ((j)- So by Lemma 6.4.3, X is definable over 
K. 

(p) = &a 6 , = iV(©A 6 )> or = &a 7 - In each case, it is easily verified that 0^ = 
for all a 6 T. If = <8a 6 , then by Proposition 6.4.7, X can be defined over K. 

If / 0a 6 , then by Lemma 2.3.8, N{<5) = 0. So by Lemma 6.4.3, X is definable 
over K. 

(q) = (Sg , = 0i68, is a group of type £ 3 or is a group of type D 3 . In each 
case, it is easily verified that CT = for all a £ V. By Lemma 2.3.8, if is a group 
of type £ 3 then N(<&) = x £ where & < (i?), and in all other cases iV(0) = 0. 
Note that ft 7 = R for all a £ T. So by Lemma 6.4.3, X is definable over K. 

(r) is a group given in Lemma 2.3.7(r). By proposition 6.4.2, X is definable over K. 

□ 

Theorem 6.4.9. Let K be a field of characteristic not equal to 2 and let F be an 

algebraic closure of K . Let X be a smooth plane curve of degree d > 3 over K. Suppose 
that Aut(X) is not PGL 3 (F)- conjugate to a diagonal subgroup o/PGL 3 (i ? ) or to one of 
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the groups ©36, ©is> or a group given by Lemma 2.3.7(s). Then X can be defined over 
its field of moduli. 

Proof. This follows from Theorem 6.4.8 and Theorem 1.6.9. □ 
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Chapter 7 

Plane curves not definable over 
their fields of moduli 

Let K be a field of characteristic not equal to 2, let F be an algebraic closure of 
K, and let X be a smooth plane curve over K. By Theorem 6.4.9, X can be defined over 
its field of moduli if Aut(X) is not PGL3(i ? )-conjugate to an intransitive group whose 
image in PGL2(i ? ) is cyclic, not PGL3(i ? )-conjugate to 0ig, not PGL3(F)-conjugate 
to ($36, and not PGL3(F)-conjugate to a group of the type listed in Lemma 2.3. 7(s). 
We now construct smooth plane curves not definable over their field of moduli with 
automorphism groups conjugate to all but the last type of group. 

7.1 Plane curves with diagonal automorphism groups 

We now construct smooth planes curves with diagonal automorphism groups 
not definable over their fields of moduli. These examples are easily obtained from ad- 



131 

justing the examples of hyper elliptic curves not definable over their fields of moduli. We 
will construct examples using the polynomial f(x) given in Chapter 5. Note that we 
could just as easily work with the polynomial g(x) given in Chapter 5. 

Suppose n, r £ Z>o- Assume that 2nr > 5. Assume also that if n is odd, then r 
is also odd. Let z c be the complex conjugate of z for any z € C. Suppose a±, . . . , a r G C. 

Consider the form f(Xo,X\) G C[Xo,A"i] given by 

r 

f(X , A X ) := []W " (*S + 

i=l 

Assume that f(Xo,Xi) has no repeated zeros and that it is not a form in R[Ao,A"i]. 
Assume that the map [a : /3] i— > [/3 : a] does not map the zero set of / into itself. For any 
root of unity £ ^ 1, assume that 

{a^-l/afjLi/Ka^-CKILi- 
Lastly, if n = 3 assume that the map 

[a: /3] i > [_a + (V3 + l)/3: a(V3 + 1) + /3] 

does not map the zero set of / into itself. Define 

h(X ,X u X 2 ) := A| OT - /(A , Ax). 

Lemma 7.1.1. Following the above notation, H{Xq, X±, X%) = gives the equation of a 
smooth plane curve X with Aut(A) given by a diagonal group generated by E, F , and 
H where 





Cn 










1 










1 








E := 





1 





, F:= 





Ct. 





, H : = 





1 













1 










1 










C,2nr 
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and where C, n and Q 2nr o.re primitive n and 2nr roots of unity, respectively. 

Proof. We first show that H(Xq,Xi, X 2 ) = gives the equation of a smooth plane curve. 
Since h(Xo,0, X2) = X% nr — Xg nr has 2nr distinct zeros, it is clear that no zero of 
h(Xo,0, X2) can be a zero of hx (Xo, 0, X2). We have hx (Xo,l, X 2 ) = —f'(Xo,l) 
and h X2 (X , 1,X 2 ) = 2nrX 2 2nr ~ 1 . So hx 2 (X , 1,X 2 ) = if and only if X 2 = 0. Since 
f(Xo, 1) is square free, /(Xq, 1) and f'(Xo, 1) have no common zeros. It follows that 
h(Xo, X\, X 2 ) = gives the equation of a smooth plane curve X. 

Since the degree of h is greater than 3, the genus of X is larger than 1, so Aut(X) 
is finite. Since X is a smooth plane curve of degree larger than 3, by Theorem 3.2.1 
Aut(X) is PGL3(C)-conjugate to one of the group listed in Lemma 2.3.7 Case I. We now 
show that Aut(X) = (E, F, H). It is clear that (E, F, H) C Aut(A). 

The element H has order equal to 2nr > 5. The only groups listed in Lemma 2.3.7 
Case I that have elements of even order larger than 5 are the groups of type (a)-(c) or 
©216- The orders of the element of 0216 are 1, 2, 3, 4, or 6. Using Magma, one can 
verify that ©216 has two conjugacy classes of elements of order 6. Representatives for 
each class are given by 



u; 



,2 







Mi : 



1 



and M 2 : 



1 



1 



10 



where a; is a primitive cube root of unity. Any matrix in GL3(C) mapping to either 
Mi or M2 in PGL3(C) has three distinct eigenvalues, so Mi and M2 are not PGL3 ((Un- 
conjugate to H. It follows that Aut(X) is not PGL3(C)-conjugate to ©216- So Aut(A) 
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is PGL3(C) -conjugate to a group of type (a)-(c) of Lemma 2.3.7. 

Recall that an intransitive element of PGL^C) is an element of the form 

a b 
c d • 
1 

A computation shows that the normalizer of (H) in PGL3(C) is equal the subgroup of in- 
transitive elements of PGL3(C). Note that X/(H 2 ) is one of the hyperelliptic curves given 
in Lemma 5.0.4, and that an intransitive element of PGL,3(C) that gives an automorphism 
of X induces an automorphism of the hyperelliptic curve X/(H 2 ). By Lemma 5.0.4, we 
have Aut(X/(H 2 )) ^ Z/2Z x Z/nZ. Observe that (E, F, H) / (H 2 ) ^ Z/2Z x Z/nZ. It 
follows that the normalizer of (H) in Aut(X) is equal to (E,F,H). 

Suppose M £ PGL 3 (C) and that <5' := M Aut(X)M~ l is a group of type (a), 
(b), or (c) of Lemma 2.3.7. Write H' := MHM" 1 . 

First suppose that & is a group of type (b) or (c). Then, following the notation 
of Lemma 2.3.7, any element of &' can be written as DR 1 ^ , with < i < 2 and < j < 2 
and where D is the image in PGL3(C) of a diagonal matrix. A computation shows that 
for 1 < j < 2, an element of the form DT J has order 3 < 2nr. Another computation 
shows that for < j < 2, an element of the form DRT 3 is the image in PGL3(C) of 
a matrix with only 2 distinct eigenvalues only if it has order 2 < 2nr. It follows that 
H 1 must be the image in PGL3(C) of a diagonal matrix. Note that TH'T^ 1 £ & is an 
element of order 2nr that commutes with H' and that (TH'T -1 ) n (i?') = Iii. It follows 
that there exist an element H2 of order 2nr in the normalizer of (H) in Aut(A) such 
that (H2) H (H) = Id. This is a contradiction since if A E i 7 , H) has order 2nr, then 



134 

A nr = H nr ^ J d 

Lastly, suppose that & is a group of type (a). Then there exists an intransitive 
element M' G PGL 3 (C) such that H" := M'H'(M')- 1 is the image in PGL 3 (C) of a 
diagonal matrix with only two distinct eigenvalues. Since <5" := M'& (M')~ l is an 
intransitive group, there exists a natural map ip: &" — > PGL2(C). It is easy to see 
that either H" is in the kernel of tp or ip{H") has order 2nr. If ip(H") has order 2nr, 
then since 2nr > 5, by Lemma 2.2.1, is either a cyclic or dihedral group. In any 

case, {ip(H")) is a normal subgroup of tjj(<S"). Since the kernel of ip is contained in the 
center of <5" , it must be true that {H") is a normal subgroup of 0". So (H) is a normal 
subgroup of Aut(X). It follows from that Aut(X) = (E, F, H). □ 

Proposition 7.1.2. Following the above notation, let X by the smooth plane curve over 
C given by h{XQ,X\,X2) = 0. Then the field of moduli of X relative to the extension 
C/R is M. and is not a field of definition for X . 

Proof. We follow the notation of Lemma 7.1.1. There exists an isomorphism [i: X —> C X 
given by 

1 

C2n 
7 

where 

r 

-,2nr 1 I „c /„ 

i=i 

and (,2n is a primitive 2n th root of unity. In particular, the field of moduli of X relative 
to C/M. is M. Suppose that X is definable over M. Then by Theorem 1.6.3, there exists 
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an isomorphism fjf : X — ► C X that satisfies Weil's cocyle condition. Since Cn&n is a 2n th 
root of unity not equal to 1 for any n th root of unity £' n , since {C2nrl) 2nr = 111=1 ~ a i/ a i 
for any 2nr th root of unity C2nr' an d since Aut(A") = (E, F, H), we may assume that 

1 

C' 
7' 

where £' is a 2n ift root of unity not equal to 1 and where 



(V) 2nr =n-<M 



i=i 



Since (//) c // = Id, we have 





1 







1 







1 







Id = 


(cr 1 




c 













(CT 2 






(V) c 










y 







(crnyry 




So (CTKiYi 


= 1. Note that 


y 




1, 


so (7') c 7' = 


1. So we must have (£') 1 = 1 



This is a contradiction. Therefore, X is not definable over 



□ 



Remark 7.1.3. An alternate and slightly longer proof of Proposition 7.1.2 shows that the 
definability of X over K implies the definability of the hyperelliptic curve X/(H 2 ) over 
R, contradicting Proposition 5.0.5. 



7.2 Plane curves with automorphism groups given by (3 is 

We now construct plane curves with automorphism groups given by (5 is that 
are not definable over their fields of moduli. All other examples of curves not definable 
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over their fields of moduli in this thesis are of curves over C with field of moduli R 
relative to C/R but not definable over R. It is not too hard to show that a plane curve 
X over C with Aut(X) = C5i§ is always definable over its field of moduli relative to C/R. 
So our examples in this section are somewhat different from the others. 

Lemma 7.2.1. Let F be an algebraically closed field of characteristic or of character- 
istic greater than 3. Suppose P £ P 2 (P). Then the orbit O(P) of P under the action of 
©18 has 18 points unless P is in the orbit of 

Pl-.= [1:0:0], 
P 2 := [1:1:1], 
Pf := [1:1: u], 
Pi-.= [1:1: u, 2 ], 

or 

P 9 , 5 :=[*: 1: 1], 

where to is a primitive cube root of unity and where 5 6 F — {1,cj,u; 2 }. IFe /lave 
|D(P|)| = 3 /or 1 < i < 4, and \0(P 9 , S )\ = 9. 

Proof. We follow the notation of Lemma 2.3.7. Let P be in P 2 (P) and suppose that 
the orbit of P under the action of ©i8 has less than 18 points. It follows that for some 
g G 0i8 — {Id}, g(P) = P. lih is in 18 , then (h' 1 gh)^' 1 (P)) = h~ l {P). So any 
element in <8is which is conjugate to g fixes a point in the orbit of P under the action 
of ©is- It is easily shown that any non identity element of &is is ®is-conjugate to one 
of S, T, ST, ST 2 , or R. 
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A computation shows the following. If S(P) = P then 
Pg{[1: 0: 0],[0: 1: 0],[0: 0: 1]}. 



If T(P) = P then 



If ST(P) = P then 



If ST 2 (P) = P then 



PG {[1: 1: !],[!: w: w 2 ],[l: w 2 : w]}. 



P G {[1: 1: UT],[1: w: w],[l: c/ : 1]} 



P G {[1: w: !],[!: 1: w],[l: w: w 2 ]}. 



If R(P) = P then P = [5 : 7 : 7] where (5 and 7 are not both zero. Note that if 7 = then 
P = P3 1 , and if 7 / and | = with < j < 2, then P G 0(P|), where 2 < i < 4. 

A simple computation shows that each of these points is in the orbit of one of 
the points listed in the lemma. Another computation using the stabilizers of each point 
proves the last statement of the lemma. □ 

Definition 7.2.2. Let K be a field. A quaternion extension of if is a Galois extension 
F of K such that Gal(P/-£f) is isomorphic to the quaternion group of order 8. 

The following lemma will be helpful in constructing examples of smooth plane 
curves with automorphism groups isomorphic to ©is and not definable over their fields 
of moduli. 

Lemma 7.2.3. Let K be a field of level 2: the element —1 is not a square in K but it 
is a sum of two squares in K. Let u, v G K x — (K x ) 2 be such that uv (K x ) 2 . Then 
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K(\/u, \/v) is embeddable into a quaternion extension of K if and only if —u is a norm 
from K(y/—v) to K , that is if —u = x 2 + vy 2 for some x,y £ K . 

Proof. This follows from Theorem 1.3.3 on page 166 and Proposition 1.1.6 on page 160 
of [16]. □ 

Throughout the rest of this section let K = Q(a>) where u is a primitive cube 
root of unity. 

Remark 7.2.4. Note that K is of level 2 since (a; 2 ) 2 + oj 2 = —1 and \/— T K. So we can 
use Lemma 7.2.3 to see if Z/2Z x Z/2Z extensions of K are embeddable into quaternion 
extensions of K. For example, let L := K(\/—13). It is easily shown that both 2 and —2 
are not norms from L to K. So by Lemma 7.2.3, neither K(y/^2, nor K(y/2, y/TS) 
are not embeddable into quaternion extensions of K. 

We define the following: 

4> ■= XoX!X 2 , 

V := X 3 + Xf + Xl 

x ■■= xlxf + xfxl + xlxl 

Suppose ai, Q!2, &3,u, v £ Q x and suppose that L := K(y/u, y/v) is a Z/2Z x 
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Z/2Z extension of K that cannot be embedded into a quaternion extension of K. Let 

c^2 := a\u>\/u + a 2 \fv + a^i^y/uv, 
:= aiu; 2 i/u + a 2 y/v + a 3 Uy/uv), 
c^2 := -1/12 + a\\/u + a 2 y/v + as\/wj, 

and let 

f^,^{ x o, Xi,X 2 ) := c^ 2 - 6c^0V - + x 

= c^(X$ + X x 6 + X 2 6 ) - 6c^(X 3 + X? + xDXqX^ 
- lSc^iXoX^) 2 + (2 Cv , 2 + 1)(X 3 X 3 + XfXl + Xlxl). 

Assume also that /^^(Xq, 1,1) is squarefree. (This is possible: for example 
if Qj = 1 for 1 < i < 3, u = 2, and v = 13, a computation using gp shows that the 
resultant of f^^iziXo, 1, 1) and -^^^-(Xo, 1, 1) is nonzero.) 

For the rest of this section, fix / := f and L as above and let Q be an 
algebraic closure of Q containing L. 

Lemma 7.2.5. Following the above notation, f = gives the equation of a smooth plane 
curve X over Q with Aut(X) given by ©is- Furthermore, the field of moduli of X is 
equal to K and any isomorphism X — > a X with a E Gal(Q/i^) is given by an element 

Proof. We now show that / = gives the equation of a smooth plane curve. We first show 
that if g G Q{Xq, X±, X 2 ] is a form of positive degree and if g \ f then g 2 \ f. Suppose 
there exists a form g of positive degree such that g 2 \ f. Then g \ fx and g | fxi- By 
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Bezout's Theorem, g(Xo, X±, X 2 ) = and X2 = have a nonempty intersection. We 
have 



= 6XQ((aiVu + a 2 Vv + u 3 Vuv - 1/12)Xq + {ai^/u + a 2 \fv + a^^/wv + 5/12)Xf) 



f Xl (X ,X 1 ,0) 

= 6Xf((aiv / u + u 2 y/v + a 3 V™ - l/12)Xf + (ai + a2\^ + a 3 y/uv + b/12)X$). 
The zeros of fx (Xo, Xi,0) are 



If fx (Xo, X\, 0) and /^(-^c^iiO) share a common zero, it must be [1: A: 0] 
where 1/A 3 = A 3 . So A 3 = ±1. If we let s = al^/u + a 2 ^/v + a3^/uv, then ±1 = — ^5^9 ■ 
So s £ Q, contradicting the definition of s. 

We will say that / is of type (di, . . . , d n ) if / can be factored into irreducible 
forms of positive degrees /1, . . . , f n of degrees di, ■ ■ ■ ,d n respectively, where di < dj 
if i < j. Suppose / is of type (di, . . . , d n ). Note that since the degree of / is 6, 
n £ {1,2,3,6}. Write / = n"=i fi where fa has degree dj. Let g t := (AzlMzH be 
the arithmetic genus of the curve given by fi = 0. We will make use of the fact that a 
geometrically integral curve of arithmetic genus g has at most g singularities. Let P be 



and 




and the zeros of fx t (Xq , X\ , 0) are 
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in P 2 (Q). Then f(P) = fx (P) = fx 1 (P) = fx 2 (P) = if and only if P is a singular 
point of a curve given by /j = for some i or if P is an intersection point of two or more 
of the fa. Using Bezout's Theorem we obtain a bound S(f) for the number of points 
P S P 2 (Q) such that f(P) = fx (P) = f Xl (P) = fx 2 (P) = 0, namely 

n 

S(f) : J> • £>4r 

i=l i<j 

Write 

n 

G(f) :=J2si 

i=l 

and 

/(/) :=Y,didr 

i<j 

Checking each partition of deg(/) = 6 shows that G(f) G {0,1,2,3,6,10}. Another 
computation shows that if G(f) = then 1(f) < 15, if G(f) = 1 then 1(f) < 12, if 
G(f) = 2 then /(/) < 9, if G(f) = 3 then 1(f) < 9, if G(f) = 6 then /(/) < 5, and if 
G(f) = 10 then /(/) = 0. It follows that S(f) < 15. 
Let P be in P 2 (Q) and suppose that 

f(P) = f Xo (P) = f Xl (P) = f X2 (P)=0. 
It is easy to see that / is (Sis-invariant. So for any Q £ Qi$(P) we must have 

HQ) = fx (Q) = fxAQ) = fx 2 (Q) = o, 

where Dig(P) is the orbit of P under the action of <3\s- By Lemma 7.2.1, D\s(P) must 
have size 3, or 9. Since f(Xo, 1, 1) is squarefree, by Lemma 7.2.1, the orbit of P under the 
action of 0i8 must have size 3. One can verify directly that f(Q) ^ if Q G {-f3}i<«<4- 
So no such P exists. It follows that / = gives the equation of a smooth plane curve X. 
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Since the degree of / is 6, the genus of X is 10, so Aut(X) is finite. Since X 
is a smooth plane curve of degree larger than 3, by Theorem 3.2.1, Aut(X) is PGL^Q)- 
conjugate to one of the groups listed in Lemma 2.3.7. We now show that Aut(X) = ©is. 
It can be deduced from Lemma 2.3.7 that Aut(X) is PGL3(Q)-conjugate to either a 
group of type D, a subgroup of ©216) both a group of type D and a subgroup of ©2161 
or a subgroup of ©360 • 

For 1 < i < 3, define 

Then, / = and we have [/J^] = ([f%^\)U\ where U G © 2 i6 is given in 

Lemma 2.3.7. Recall that 0216 = (^72 5 U). A computation shows that 

for 1 < i < 3, where ^72([/^^qj]) is the orbit of [/^_^_] under the action of ©72, and 
that (U) cyclically permutes these three orbits. Note that 

2 16([/]) = [J0 7 2([/«^]), 
i=l 

where £)2i6([/D is the orbit of [/] under the action of ©216- By looking at the coefficients 
of the /±^ ± ^j) we see that for all a G Gal(Q/Q) and all [g] G £216 ([/])> we have 
[g a ] G f2i6([/]) if an d only if (t(lu) = u. We also see by looking at the coefficients of the 

/lk±v^ that for a11 [9] G ° 2i6 (^])' we have w G 072 if and onl y if w = ^} for 

some a G Gal(Q/JC). 

Suppose M G PGL3(Q) and suppose that M Aut(X)M~ 1 is a subgroup of ©216- 
Then since <5i 8 C Aut(X), we have MfB^M" 1 C M Aut(A")M^ 1 C 2 16- According to 
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Magma, ©216 has two conjugacy classes of subgroups of order 18, one consisting of the 
group ©is and the other containing 12 conjugate subgroups of order 18. It is easy to see 
that the subgroup (R,U) C (55216 has order 18. Since (R,U) is PGL 3 (Q)-conjugate to 
an intransitive subgroup of PGL/3(Q) and ©is is not, (R, U) and ©is are not PGL^Q)- 
conjugate. It follows that M G A(©i 8 ). By Lemma 2.3.8, iV(©i 8 ) = © 2 16- So Aut(A) 
must be a subgroup of ©216- By the previous paragraph, the subgroup of ©216 consisting 
of elements that stabilize [/] equals ©is- Thus if Aut(A) is PGL3(Q)-conjugate to a 
subgroup of ©216 then Aut(A) = ©ig. 

Suppose that Aut(A) is PGL3(Q)-conjugate to a group of type D. We will call 
the union of 3 lines in P 2 a triangle. By §113 of [20], a group of type D containing ©ig 
but not equal to ©ig fixes exactly one triangle in P 2 : the triangle given by X0X1X2 = 0. 
By §113 of [20], the group ©ig fixes four triangles in P 2 : 

X0X1X2 = 0, 

(A + X x + 0X 2 )(X + uXx + co 2 eX 2 )(X + k; 2 Ai + u6X 2 ) = 0, 

where 6 G {l,u,u; 2 }. Since Aut(A) is PGL3(Q)-conjugate to a group of type 2) and 
since ©ig C Aut(A), Aut(A) must fix at least one of the four ©ig-invariant triangles. 
By §115 of [20], the four invariant triangles of ©ig are permuted transitively by ©216- 
So for some A G ©2161 the group A _1 Aut(A)A must fix the triangle A0X1A2 = 0. 
Following the notation of Lemma 2.3.7, it can easily be deduced that a finite subgroup 
© C PGL3(Q) that fixes the triangle A0A1A2 = is a group of type D if and only if 
T,R G ©. By Lemma 2.3.8, A(©i 8 ) = © 2 i 6 . So & 18 C A -1 Aut(X) A In particular 
we must have T,R G A _1 Aut(A)A. So A~ 1 Aut(A)A is a group of type D. Choose 
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f A G Q[Xq ) X 1 ,X 2 ] so that [f A ] = ([f])A G D 2 ie([/]) and let F be the curve given 
by /a = 0. We have just seen that [g] G £>72([/a]) if and only if and if [g] = 
for some <r G Gal(Q/-K"). So every element of ©72 gives an isomorphism Y — > °Y for 
some cr G Gal(Q/X). So by Lemma 3.2.3, we must have © 72 C iV(A _1 Aut(X)A). By 
Lemma 2.3.8, a subgroup © of type S) has ©72 C 7V(©) if and only if © = ©is. Hence 
A^ 1 Aut(X)A = ©is- Since A G iV(©is), we must have Aut(X) = ©i 8 . Thus if Aut(X) 
is PGL3(Q)-conjugate to a group of type D, then Aut(X) = ©ig. 

Lastly, let M G PGL 3 (Q) and suppose that MAut(A)M _1 is a subgroup of 
©360- According to Magma, the maximal subgroups of ©360 are isomorphic to S4, A5, 
or ©36. Of these three groups, only ©36 has a subgroup isomorphic to ©is, and such 
a subgroup of ©36 must be normal in ©36 since it is of index 2. So if Aut(X) 7^ ©is, 
we must have M©i 8 M _1 C (MAut(A)M -1 n iY(M©i 8 M _1 ). It follows that ©i 8 C 
(Aut(X) n JV((8i 8 )). But we have just seen that ([f])A / [/] for any A G iV(©i 8 ) - ©is- 
Therefore we must have Aut(X) = ©ig. 

By Lemma 3.2.3, any isomorphism X — > a X with a G Gal(Q/Q) is given by 
an element of iV(©ig) = ©216- We have seen that for a G Gal(Q/Q), we have already 
[f a ] = ([f])A for some A G ©216 if and only if a\ K = Id and A G ©72 . □ 

Proposition 7.2.6. Let f be as above and let X be the smooth plane curve over Q given 
by f = 0. Then X is not definable over its field of moduli. 

Proof. By Lemma 7.2.5, the field of moduli of X is K. Also by Lemma 7.2.5, any 
isomorphism X — > a X, with a G Gal(Q/X), is given by an element of ©72. 

Suppose that X is definable over K. Recall that L = K{y/u, y/v). Then 
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there exists a finite Galois extension field F of K and a collection of isomorphisms 
:= {(Pcr}a£Gai(F/K) that satisfy Weil's cocycle condition. Without loss of generality we 
may assume that L C F. Note that if cr, r £ Gal(-F/-K") and (p a , <p T G then we have 

and 

since G&\(F/K) is finite and since <5 72 C PGL 3 (iiC). If cr G Gal(F/A'), let M a G <5 72 be 
the element of PGL^(K) that gives the corresponding isomorphism ip a G % '. Then we 
have a homomorphism : G&l(F/K) — > (872 defined by 

Lemma 7.2.5 shows that ^^(UJig) = G&\(F/L). Thus Vl/ induces an injection 
Gal(L/K) — ► ©72/^181 which because of orders must be an isomorphism. According 
to Magma, ©72 has a unique subgroup of order 9 which, by Lemma 2.3.7, must be 
09 . Also according to Magma, ($72 has three conjugacy classes of elements of order 4, 
each consisting of 18 elements. Following the notation of Lemma 2.3.7, since 0is has 
no elements of order 4 and is normal in 072, since U G" ©72, and since V has order 4 
in ©72, these conjugacy classes are given by V(5\s, U~ l VU<S\%, and UVU^ 1 ®^. So 
any subgroup of ©72 which surjects onto ©72/^18 must contain an element from each 
conjugacy class of order 4. According to Magma, the proper subgroups of ($72 which 
contain an element from each conjugacy class of order 4 are maximal and of order 8. 
Thus, any subgroup of ©72 which surjects onto ©72/®i8 must also surject onto ©72/^9 . 



146 

In particular, the image of * must surject onto ©72/69. Let L' be the subfield of F fixed 
by the normal subgroup * _1 (09) of T. Then GsX{L'/K) is isomorphic to & 72 /&9, which 
is a quaternion group. Since &g C &is we have 1 ^~ 1 (<5g) C ^ ,_1 (©ig), so L' contains L. 
This is a contradiction, since by assumption L cannot be embedded into a quaternion 
extension of K. Therefore, no such F exists and X is not definable over K. □ 

7.3 Plane curves with automorphism groups given by (5>36 

Lemma 7.3.1. Let F be an algebraically closed field of characteristic or of character- 
istic greater than 3. Let P be in F 2 (F). Then the orbit O(P) of P under the action of 
®36 has 36 points unless P is in the orbit of 

P 6 := [1: 0: 0], 

P 9 := [0: 1: -1], 
Q 9 :=[1-V3: 1: 1], 
Q' 9 •- [1 + V3: 1: 1], 

or 

P 18 ,s ■= [5: 1: 1], 

with 8 £ {1, 1± \/3}. We have |£>(P 6 )| = 6, |D(P 9 )| = 9, \0(Qg)\ = 9, \D(Q' 9 )\ = 9, and 
\D(P 18 ,s)\ = 18. 

Proof. We follow the notation of Lemma 2.3.7. Let P be in P 2 (P) and suppose that 
the orbit of P under the action of ©36 has less than 36 points. It follows that for some 
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g £ ©36 — {Id}, g(P) = P. lih is in 36 , then (h' 1 gh)^' 1 (P)) = h' l {P). So any 
element in which is conjugate to g fixes a point in the orbit of P under the action 
of ©36. It is easily shown that any non identity element of (£>36 is ©^-conjugate to one 
of S, S 2 , V, V 2 , or V 3 . 

A computation shows the following. If S(P) = P or S 2 (P) = P then 

PG{[1: 0: . 0: 1: . 0: 0: 1]}. 

If V(P) = P or V 3 (P) = P then 

P€{[0: 1: -l],[l-\/3: 1: 1], [1 + ^3: 1: 1]}. 

If V 2 (P) = P then P = [5: 7: 7] where <5 and 7 are not both zero. Note that if 7 = 
then P = P 6 , if 7 / and <5 = 7 then P £ £)(P 6 ), and if 7 / and | = 1 ± ^3 then 
Pe{Q 9 ,Q' 9 }. 

A simple computation shows that each of these points is in the orbit of one of 
the points listed in the lemma. Another computation using the stabilizers of each point 
proves the last statement of the lemma. □ 

We define the following: 

:= X X 1 X 2 , 
i/>:= X 3 +Xl + Xl 

x-.= xixf + xfxi + xixl 

Let a be in C and let 

f a (X ,X 1 ,X 2 ) := X - 18a(f> 2 + (a - 1/12)^ 2 - 6a^. 
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Lemma 7.3.2. Following the above notation, write f = f a , where a := ia G C with 
a G M x . TTien / = gives i/ie equation of a smooth plane curve X defined over C with 
Aut(X) given by 

Proof. We show that / = gives the equation of a smooth curve X. We first now show 
that if g G C[Xq,Xi,X2] is a form of positive degree and if g \ f then g 2 \ f. Suppose 
there exists a form g of positive degree such that g 2 \ f. Then g \ fx and g \ fx x - By 
Bezout's Theorem, g(Xo,Xi,X2) = and X2 = have a nonempty intersection. We 
have 

f Xo (X , X u 0) = X 2 ((6a - l/2)Xl + (6a + 5/2)Xf) 

and 

f Xl (X , X u 0) = X 2 ((6a + 5/2)Xl + (6a - l/2)Xf) 
The zeros of fx x (Xq , X\ , 0) are 

and the zeros of /x (-X'o > -Xi > 0) are 

Since fx (Xo, X\, 0) and /x^pTo, -Xi, 0) share a common zero we must have 1//3 3 = /3 3 . 
So /3 3 = dbl. Then ±1 = _f g^0 2 • This implies a G Q which contradicts our choice of a. 

Since / is of degree 6, by an argument identical to one given in the proof of 
Lemma 7.2.5, a bound for the number of points P G P 2 (C) such that 

f(P) = f Xo (P) = f Xl (P) = fx 2 (P) = 
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is 15. Let P be in P 2 (C) and suppose that 

f(P) = f Xo (P) = f Xl (P) = f X2 (P)=0. 
A simple computation shows that / is 036-invariant. So for any Q E O(P) we must have 

HQ) = fx (Q) = fxAQ) = fx 2 (Q) = o. 

By Lemma 7.3.1, the orbit of P under the action of 036 must have size 9, or 6. One can 
verify directly that f(Q) £ if Q E {P 6 ,A} and that fx (Q) + if Q E {Q^Qg}. It 
follows that / = gives the equation of a smooth plane curve X. 

Since the degree of / is 6, the genus of X is 10, so Aut(X) is finite. Since X 
is a smooth plane curve of degree larger than 3, by Theorem 3.2.1, Aut(X) is PGL3(C)- 
conjugate to one of the groups listed in Lemma 2.3.7. We now show that Aut(X) = 
We use the notation of Lemma 2.3.7. According to Magma, any subgroup of 0360 of 
order 36 is maximal. Since ©36 C Aut(X), Lemma 2.3.7 implies that Aut(X) equals 
036, M0 72 M-\ M0216M" 1 , or M036OM" 1 for some M £ PGL 3 (C). 

Suppose Aut(A) = M^isM' 1 . Since i8 is contained in Aut(A), M~ 1 0i 8 A/ 
is contained in M" 1 Aut(X)M = 0216- Magma shows that the only subgroup of 0216 
isomorphic to ©is is 018 itself, so M _1 0i 8 M = i8 . Thus M E JV((8 18 ) = 0216, 
so Aut(X) = M0 2 i 6 M^ 1 = 02i6- Similarly, if Aut(X) = M0 72 M _1 , the same ar- 
gument shows that M £ 0216 = -^(072)1 so Aut(X) = 7 2. Following the notation of 
Lemma 2.3.7, in both cases we must have UVU~ l G Aut(X). A computation shows that 
{[f])UVU~ l / [/]. So we cannot have Aut(X) = 7 2, nor can we have Aut(A) = 0216- 

Lastly, suppose that Aut(A) is PGL3(C)-conjugate to 0360- Recall that 036 = 
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(S,T,V) and that V 2 = R. Define 0' 36O := (R, T, E[, S(E' 2 )S~ 1 ), where 





1 










-1 


M2 


Mi 


E[ : = 





-1 





and E?2 '■= 


M2 


Ml 


-1 










-1 




Ml 


-1 


M2 



with^i = l/2(-l + \/5) and ^2 = l/2(-l-^5). By §123 of [20], S" 1 ©^ is PGL 3 (C)- 
conjugate to ©360- According to Magma, ©360 has t wo conjugacy classes of subgroups of 
order 6. Note that the subgroups $j' 6 := (S, R) C 636 and Sjq := (T, R) C 636 both have 
order 6 and are not PGL3(C)-conjugate, since fj' 6 is PGL3(C)-conjugate to an intransitive 
subgroup and Sj 6 is not. Choose M' G PGL 3 (C) so that M' Aut(X)(M') _1 = <8 360 - The 
subgroups M'S)q(M')~ 1 and M'Sj' 6 (M') of <5 360 must be in distinct conjugacy classes 
under <5 360 . Since f)6 C <S 360 and since #6 is not PGL 3 (C)-conjugate to M'fj'^M') -1 , Sje 
is in the same conjugacy class as M'Sjq(M') under <5 360 - So without loss of generality 
we may assume that M' G N(fi 6 ). By Lemma 2.3.8(c), N($j 6 ) = # 6 . Thus M' G <25' 360 . 
So Aut(X) = ® 360 - A computation shows that ([f])E' 1 7^ [/], so we get a contradiction. 
Therefore, we must have Aut(X) = ©36- □ 

Proposition 7.3.3. Let f a be as above where a = (3i G C with G M x and let X be 
the smooth plane curve defined over C given by f a = 0. Then the field of moduli of X 
relative to the extension C/M is R and is not a field of definition for X. 

Proof. We follow the notation of Lemma 2.3.7. Let Gal(C/R) := (a). By Lemmas 3.2.2 
and 2.3.8, any isomorphism X — ► a X is given by and element of 

N(<5 3G ) = ® 72 = (® 36 ,UVU- 1 ). 
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A computation shows that 

([faWVU- 1 = 

So UVU~ l gives an isomorphism X — ► °X. A computation using gp shows that for all 
M in the nontrivial coset of ©72/^536) M a M 7^ Id. Therefore, Weil's cocycle condition 
of Theorem 1.6.3 does not hold. It follows that X cannot be defined over R. □ 
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